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Chapter 1

Introduction



These lecture notes often refer to results in textbooks by Sergei Treil
[Tre21] and Sheldon Axler [AxI15], and occasionally to a textbook by Lloyd
Trefethen and David Bau [TB97].

1.1 Vector spaces

Here we give a very dry algebraist-style definition of vector spaces over a
field.

1.1.1 Definition

Definition 1.1.1. A semigroup is a set G with a binary operation - :
G x G — G, which is associative.

Definition 1.1.2. A monoid is a semigroup with a unit element e: ge =
g = eg.

Definition 1.1.3. A group is a monoid such that every element g has an
inverse h, gh = e = hg.

Definition 1.1.4. A group is called abelian if ab = ba for all elements a, b
of G.

Definition 1.1.5. A ring is a set R with two binary operations + and -,
such that

1. (R,+,0) is an abelian group,

2. (R,-) is a semigroup,

3. Distributive laws hold.

Ifa-b="5b-a forall a,b € R then the ring is called commutative.

Definition 1.1.6. A field F' is a commutative ring with identity element
1, such that (F' —{0},-,1) is an abelian group.

Definition 1.1.7. An R-module is an abelian group (M, +,0), such that
ring R acts on M, that is there is a map - : R x M — M, that sastisifies:

L. r-(my+mg) = (r-my)+ (r-ma).
2. (ri+mr) - m=r-m+ry-m.

3. (r1-r2) -m=ry-(rg-m).



Definition 1.1.8. A vector space (V,+,0) over field F' is an F-module.
The action of F on V is called scalar multiplication.

Note: I will say a linear space and a vector space interchangeably in
these lecture notes, meaning the same thing.

We have to distinguish 0 € F' and 0 € V, so I will (sometimes) denote 0
in V as 0.
Ezample 1.1.9 (m x n matrices with entries from F.). Let 1 < m,n € Z.
Let

F,T:{A:[aij]‘lﬁiﬁm,lﬁjﬁnaazjGF}

be the set of all m x n matrices. So a;; is the entry in row ¢ and column j.
Define the entries of the matrix C' = A+ B by ¢;; = a;; + b;; and for a € F,
define aA as the matrix with entries aa;;. Finally let 0 be the m x n matrix
such that all entries are 0.

Then F" is a vector space over F'. (We will also use the notation F,xn
for this space.)

Ezample 1.1.10. Consider the set of polynomials with coefficients in F' and
the maximum degree n. The elements of this set are the sums

f@) =3 aia",
=0

where a; € F. This set is a vector space over F. We will denote it P,[z].

By convention we also denote F" as F', the space of “column vectors”,
and F! as F},, the space of “row vectors”.

Most of the examples that we consider will be for F¥ = R (real vector
spaces) and F' = C, (complex vector spaces).

1.1.2 Bases and dimension

(Section 1.2 in Treil) One of the most important properties of vector spaces
is the existence of a basis and the fact that one can define the dimension of
a vector space.

Definition 1.1.11. Let S C V be a set of vectors in a vector space V. A
linear combination from S is an element > ;" x;s; € V for some z; € F

and s; € S. The set of all such elements is the span of S, denoted by span S
or (S). If S = (), then by convention (S) = {0}.



Definition 1.1.12. A set S C V of vectors in V' is generating if every
v € V is a linear combinations of vectors in .S, that is, V = span S.

In this course, the standing assumption is that vector spaces
that we consider are finitely-generated, that is, they have a finite
generating set S. Such spaces are also called finitely-dimensional. For
spaces which are not finitely-generated, we would need to introduce topo-
logical concepts in order to define a basis. While we consider some examples
that involve infinite-dimensional spaces for illustration purposes, I will avoid
proving explicit theorems for these spaces.

Definition 1.1.13. A set S C V is linearly independent if the zero vector
can be represented in a unique way by vectors in S, that is, if 0 = Y /" | ¢;v;
for distinct v; € S, then all ¢; = 0.

Definition 1.1.14. A set of vectors S € V is called a basis (for the vector
space V) if S is generating and linearly independent.

In fact this is equivalent to the following definition. [Check it.]
A set of vectors B = {v1,...,v,} € V is a basis (for the vector space V')
if any vector v € V admits a unique representation as a linear combination

n
V= QU1 + QU9 + ...+ QpU, = g QU

k=1
The coefficients aq, g, . .., a, in this representation are called coordi-
nates of the vector v (with respect to the basis B = {v1,va,...,v,}).

The first important result is the existence of a basis.

Theorem 1.1.15. Any finite generating set of a vector space contains a
basis.

Proof: Exercise. [First show that if any element of a generating set
is a linear combination of the other elements, then this element can be
removed and the remainder set is still a generating set. Then consider a
minimal finite generating set, that is a set, from which we cannot remove
any element without making it non-generating. Show that this set is linearly
independent and therefore a basis].

The second result states that every basis has the same number of ele-
ments.

Theorem 1.1.16. Any two bases in a (finite-dimensional) vector space V
have the same number of vectors in them.



For the proof Exercises - . Alternatively, see Prop 3.3. in

Treil, however for this proof one needs more information about systems of
linear equations, which we develop in the next Chapter.

Definition 1.1.17. The dimension dim V of a vector space V is the number
of vectors in a basis.

Examples. Some vector spaces occurs frequently in practice and they
often come with a specific basis, which is called the standard basis.
Ezample 1.1.18. Basis and dimension for F.

Ezxample 1.1.19. Basis and dimension for F}*.

Ezample 1.1.20. Basis for P, [t], the vector space of polynomials with degree
<n.
Example 1.1.21. The vector spaces Ps, Fg’, and F% are look different but
they all have the same dimension 6.

Note that in general, a vector space V' does are not have a specific basis,
which we could a call a standard basis. However, once a basis is chosen
we can map the vector space to the vector space F' for some n > 0 in the

following way. If a basis in V is v1,...,v, and v = aqv1 + ... Vs, SO that
the coordinates of v in this basis are {aq,...,a,}, then we map
ay
a2
v —
an,

As we will see later, this map is linear and bijective. If one vector space can
be bijectively mapped to another vector space and the map is linear then we
say that these vector spaces are isomorphic. Therefore, all vector spaces
that have the same dimension are isomorphic.

Ezample 1.1.22. The vector spaces Ps, F23, and F are isomorphic.

The concept of the basis is specific for vector spaces. In general, modules
over a ring R might have no basis. For example, consider the module Z/mZ
over the ring Z with scalar multiplication given by:

a-T=ar modm,

where © € 7 is a representative for the element T in Z/mZ. Then, this
module has a generating set {1} but this generating set is not a basis because
m -1 = 0, so this set is not linearly independent. In fact, this module does
not have any basis.



1.1.3 Subspaces and spans

Definition 1.1.23. A subset W of a linear space V is called a subspace,
if it is a vector space with respect to the same operations.

Theorem 1.1.24. W C V is a subspace of V' if and only if
1. W is closed under +, that is, for any wi,wes € W, wy +we € W.
2. W is closed under -, that is, for alla € F andw e W, a-w e W.
3. 0ecWw.

Proof. If W is a subspace, then the conditions are necessary by the definition
of a subspace. Conversely, if the conditions holds then one needs to check
the axioms of the vector space for W. For example, we need to check that

a-(w +we) =a-w + a- ws.

for any wi,we € W. This equality holds in V' because V is a vector space,
and by our assumptions both the left hand side and the right hand side are
in W. Therefore, the equality holds in W as well.

For another example, one needs to check that W is an abelian group, in
particular, if w € W then there exists an additive inverse of w. This can be
established by proving first some additional properties of vector spaces.

Lemma 1.1.25. Suppose V' is a vector space over F. Then,
1.0-v=0 forallveV.
2.a-0=0, foralla e F.

3. —v=(=1)-v, forallveV.

Given that the lemma is true, one defines —w = —1-w, which is an inverse
of w in V by the lemma. In addition, it is in W by assumed property 2.
Therefore it is the inverse of w in W. O

By using Theorem , it is easy to check that the span of a set of
vectors is a linear subspace.

Proposition 1.1.26. For any S € V, (S) is a subspace of V.

10



1.1.4 Direct sums of subspaces

Reading: Axler Section 1C, Treil Section 4.2.4
Suppose W1, ..., W, C V are subspaces of V. Then their sum is

Wi+.. .+ W =Awi + ...+ wiw; € W; for 1 <i <t}

It is easy to check that this is a subspace of V.

We say that the sum is direct when each vector w in the sum has a
unique expression w = wy + ...+ wy, w; € Wi for 1 <4 < t.

This equivalent to the requirement that if wq +...+w; = 0 and w; € W;
for 1 <4 <t, then w; = 0 for all 4. (check this!)

Theorem 1.1.27. The sum 22:1 W; is direct if and only if

Wi N (ZWJ> = {6} for each 1 < i <t.
J#i

Proof. (=) Assume the sum is direct. By seeking a contradiction, suppose
we can find a non-zero w € W; N ( Z#i Wj). This means that w has two
different expressions as a sum of vectors in W7y,...,W;. The first one is
w = w, with w € W; and the second is w = 23:1 wj, with w; € W;
and w; = 0. These two expressions are different because the summand
corresponding to W; is non-zero in the first sum and zero in the second one.
This contradict the definition of the direct sum.

(<) Suppose that all those intersections are zero and suppose we have
two distinct expressions for a vector w:

t t

/ /
E w; = E w;, wi,w; € Wi
=1 =1

where for some i, w; # wj. Without loss of generality, let ¢ = 1, then
u:=w; —wj # 0 and

t

u=w; —w] :Z(wg—wi),

=2

sou € Wy HZEZQ W;, which contradict the assumption that this intersection
is trivial. O

Example 1.1.28. For t = 2, W1+ W5 is a direct sum if and only if Wi NW, =
{6} For t = 3, W1 + W5 + W3 is direct if and only if

Wlﬂ(WQ—i-Wg) :Wgﬂ(Wl—i-Wg) :Wgﬂ(Wl—i-WQ) :{6}

11



Exercise 1.1.29. Find an example (in V = R3) of subspaces Wy, Wa, W3,
such that Wi N Wy = {0}, W1 N W5 = {0}, Wy N W3 = {0} but the sum
W1 + Wo + Wy is not direct.

In case when a sum Wy + ...+ W; is direct we will write it
t
WI@...@Wt:@Wi.
i=1

Theorem 1.1.30. Suppose B; = {wi1,...,wiq,} i a basis of W;. Then
W = Zle W; is direct if and only if By U...U B, is a basis for W.

In particular, dimW = 22:1 dim W;. We omit the proof. You can
attempt it as an exercise or see a textbook, for example, Thm 4.2.6 in
Treil’s book.

If W is a subspace of V, W C V, then a subspace U C V is called
complementary if W @ U = V. A complementary subspace always exists
but not unique. (Unless W =V or W = {0}.)

Dimension formula

Here is a formula which is especially useful when W = Wj; + W and the
sum is not necessarily direct.

Theorem 1.1.31. Let W1, Wy € V' be two subspaces of V. Then,
dim(W1 + WQ) = dim W7 + dim Wy — dim(Wl N Wg). (1.1)

Proof. Choose a basis R = {u1,...,u,} in Wi N Wy. Extend R to a basis
of Wyi: & = {uy,...,ur,v1,...,vs}. Extend R to a basis of Wo: T =
{u1,...,up,wi,...w;}. Then the claim is that

U={ui,...;u,v1,...,05,W1,..., W}

is a basis in Wy + Wh. If we prove this claim then the claim of the theorem
follows because

dim(Wy +Wa) =r+s+t=(r+s)+(r+t)—r
= dim(W1) + dim(Wg) — dim(W1 N WQ)

It is easy to see that U is a generating set. In order to prove that U is
linearly independent, suppose

T s t
Z a;u; + Z bjv; + Z crwp =0 (1.2)
i—1 j=1 k=1

12



We have

w = *chwk = Zazuz + Zbﬂ’j’
7 J

k

so this vector belongs both to W; and W5 and so it can_be written as Zz d;u;,
since {u;} is a basis in W N Wa. Plugging this into (@), we find

T

Z(CL,‘ —d;)u; + Z bjv; =0,
j=1

i=1

Since {u1,...,ur,v1,...vs} is a basis we find that all b; = 0. Then, (@)
implies that

T t
Z a;u; + Z crwg = 0,
=1 k=1

and since {uq,...,u,,wy,... w¢} is a basis, we find that all a; = 0 and all
¢ = 0. This gives linear independence of 7.
O

Ezample 1.1.32. If dim(V') = 10, dim(W;) = 7 and dim(W3) = 6, what are
all possibilities for dim(WW; N Wy)?

Solution:

dim(W1 + WQ) < dlm(V) = 10,
dim(Wl) + dim(WQ) — dim(W1 N Wg) < 10, so
dim(W1 ﬂWQ) >74+6-—10=3.

On the other hand Wy N Wy is a subspace of both W7 and Ws, so
dim(W7 N Wa) < min{dim W7, dim W5} = 6.

So the possibilities are 3 < dim(W; N W) < 6.

13



1.2 Linear systems and linear transformations

1.2.1 Linear systems

Definition 1.2.1. A linear system of m equations in n variables is a list
of the form:

a11x1 + ai12x2 + ... A1nTpn — bl,

a21x1 + a22x9 + ... aonLyp — bg,

Am121 + Am2aZ2 + . .. GmnTy = by,

Given all coefficients a;; and b;, the values z; for which all equations are
true are called the solutions. If there are no solutions, then the system is
called inconsistent. Otherwize, it is consistent.

Let A = [a;5] € F}" be a coefficient matrix and B = [b;] € F'™ be the
matrix of constants. Let us define

n
Ej:laljxj

n
Q9T
AX = Zj_l 7<)

D1 GmiTj

Then, we can write the linear system as AX = B. We call the operation
X — AX the matrix-vector multiplication.

Note that we can think about AX as a linear combination of columns of
matrix A with coefficients given by vector X:

AX = zn::ch’olj(A), (13)

j=1
where Col;(A) = [aj;] € F™, i =1,...,m.

Definition 1.2.2. A linear system AX = B is homogeneous when B = 6,
that is, all b; = 0. Otherwise, the system is called inhomogeneous.

A homogeneous system AX = 0 is always consistent since it has the
“trivial” solution X = 0. So the main question for AX = 0 is whether it
has any “non-trivial” solutions X # 0.

Also note that formula (@) implies that the system AX = B is consis-
tent if and only if B € ({Col1A,...,Col,(A)}), that is, the right-hand side
is in the span of column vectors of A.

14



Here are some of the properties of the matrix-vector multiplication op-
eration:

Theorem 1.2.3. For any A€ F)', X,Y € F", a € F, we have
1. AX+Y)=AX + AY,
2. Ala- X) = a- (AX),
3. A0 = 0.
Then we have the following result.

Theorem 1.2.4. For any A € FI™, the solution set W = {X € F"|AX =0}
of the homogeneous system AX = 0 is a subspace of F™.

Proof. By using the previous theorem, it is easy to check that W is closed
under addition and scalar multiplication. Then the result follows from The-
orem that characterizes subspaces. O

The efficient algorithm for solution of linear systems is given by the Row
reduction to Reduced Row Echelon Form.

1.2.2 Linear maps

Definition 1.2.5. Let V and W be any vector spaces over F. We say that
a map (that is, a function) L : V' — W is linear when

1. L(vy +v2) = L(v1) + L(ve) for all v1,vy € V,
2. Lla-v)=a-L(v) foralve V,a € F.

In this case we will write L € L(V,W). We will sometimes use oper-
ator as a synonym for linear map. If L € L£L(V,W), then L is called an
endomorhism of V. The set of all endomorphisms of vector space V is
denoted End(V'). (More generally, an endomorphism of an R-module M
is an R-linear map of M to itself.)

If we have a basis S = {v1,...,v,} in V and a basis T = {w1, ..., w2} in
W, then we can define a matrix of operator L. Namely, let Lv; = " a;;w;.
Then the matrix of L is the matrix A that has entry a;; in row ¢ and column
j. Note that the matrix A depends on the choice of the bases S and T.

In other words,

Colj(A) = [L(15)], for 1 < j <mn,
where [L(¥})] is the column vector of coordinates of [L(¥})] in the basis

{”u)l, ces ,wm}.

15



Ezxample 1.2.6. For a matrix A = [a;;] € F}" define the map Ly : F" — F™
by La(X) = AX for every X € F™.

Theorem 1.2.7. The map L4 is linear. That is, it satisfies:
1. Ly(X+Y)=La(X)+ La(Y),
2. La(aX)=a-La(X).

This theorem is simply a restatement of Theorem .

Exercise: The matrix of transformation L4 with respect to standard
bases in F™ and F™ is A.

The point of this exercise is that if we identify V' with F™ and W with
F™ in such a way that the bases S and 7 are mapped to the standard
bases in F™ and F™ then the linear transformation L corresponds to matrix
multiplication: x — Ax.

Example 1.2.8. Let V,, be the space of polynomials with coefficients in F
and maximum degree n.

1. Is the differentiation operation (D : P(x) — P'(z)) a linear map?
2. Is the shift operation T': P(x) — P(z + 1) a linear map?

3. Consider the integration operation S : V, — V,i1, given by S :
P(z) — [ P(t)dt.

Let € =27, j =0,...,n, be a basis of V,,. What is the matrix of the linear
maps D, T, S in this basis?

Definition 1.2.9. For a linear map L : V — W define
Ker(L) = Null(L) = {v € V|L(v) = 0}, and
range(L) = {L(v) € W|v € V'}.

Theorem 1.2.10. For any linear L : V — W, Ker(L) and range(L) are
subspaces of V. and W, respectively.

The proof is by checking the condition of Theorem . For example,
if we have wy,we € Ker(L), then we need to check that w; + we € Ker(L).
We can write:

L(w1 + ’LUQ) = L(wl) + L(wg) =0+0=0,

where the first equality holds by linearity of L and the second holds by
assumption.

16



One other useful operation defined on matrices is transposition:

A= [aij] € Fén — Al = [aji] € F;;LL

It is easy to check that it is a linear map.

1.2.3 Injective and surjective maps

If we have a system of equations, then in general we want to know whether
it is soluble and how many solutions it has.

Let f : S — T be a function from set S to set T. (That is, for every
s € S, there exists t € T, such that f(s) = t.) We don’t assume at this
moment that it is linear.

Definition 1.2.11. The function f is surjective (onto) if range(f) = T,
that is, for every t € T, there exists s € S, such that f(s) =t.

Definition 1.2.12. The function f is injective (one-to-one) when if s; # s
implies that f(s1) # f(s2).

Definition 1.2.13. The function f is bijective if it is both injective and
surgective.

Note that if f is bijective, then it is invertible in the following sense.

Definition 1.2.14. Function f : S — T is invertible when there exists a
function g : T' — S such that

1. For any s € S, g(f(s)) = s, and
2. forany t € T, f(g(t)) =t.

If we have two functions: f:S — T and g : R — S, then we can define
their composition fog: R — T: (fog)(r) = f(g(r)) for every r € R. Note
the order in which we write the composition: g is written second, although
we apply it first.

Theorem 1.2.15. Composition of functions is associative.
Now we specialize these concepts to linear maps.

Theorem 1.2.16. Let L : V. — W be linear. Then L is injective if and
only if Ker(L) = 0. It is surjective if and only if range(L) = W.

17



Proof. We know that for linear maps, L(0) = 0. If L is injective then
L(v) = 0 implies that v = 0, therefore Ker(L) = 0.
Conversely, suppose that Ker(L) = 0 and v; # vy, then L(vy) — L(vg) =
L(vy — vg) # 0 and therefore L(vy) # L(vg). It follows that L is injective.
The statement about the surjective maps follows from the definition of
the range(L) and surjectivity.
O

Corollary 1.2.17. Let A€ F* and Ly : F™* — F™ be the linear map map
LA(X) = AX. Then L4 is injective if and only if the homogeneous linear
system AX =0, has only the trivial solution.

This corollary is simply reformulation of the previous theorem for the
specific example of the linear map L 4.

Theorem 1.2.18. The map La : F" — F™ is surjective if and only if
AX = B is consistent for every B € F™.

This theorem is essentially a reformulation of the definition of surjectiv-
ity, so it does not help much. We will see a more useful approach through
the reduction of matrix A to the row echelon form.

1.3 Matrix-matrix product
Now let Ly : F™ — F™ is a linear map for matrix A = [a;;] € F}, Lp :
FP — F" is a linear map for matrix B = [b;;] € F}}. Then we can define the

composition Ly o Lp : FP — F™. A direct calculation gives the following
result.

Theorem 1.3.1. LaoLp = Lo : X — CX where C = [¢;5] € F}".
n
Cil. = Z aijbjk. (1.4)
j=1

Definition 1.3.2. The matrix C' defined in (@) is called the matrix product
of A and B, and denoted C = AB.

Since the composition of functions is associative, we can immediately
conclude that the matrix multiplication is associative:

(AB)C = A(BO).
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One other useful way to look at the matrix product is to think about it
as matrix-vector product applied to columns of B:

Coly(AB) = ACol,(B) for all k.

If we recall formula (B), we can get another interpretation: every col-
umn of B calculates a linear combination of columns of A.

Ezample 1.3.3.

Ne)

[1 2 3] _51 L B {21 37}
4 5 6 16 45 85
It is easy to check that matrix addition and matrix multiplication for

the set F satisfies the axioms of the ring with zero matrix as the identity
element for addition and the matrix

1 0 0

0 1 0
I, = [5ij] =

0 0 1

as the identity element for multiplication.

Theorem 1.3.4. The set F} is a ring with respect to matriz addition and
matrix multiplication.

Since every element of F}} corresponds to a linear map from F" to F",
this ring is End(F™), the ring of endomorphisms of F".

The ring End(F"™) is non-commutative. The matrices in this ring (that
is, all square n x n matrices) have an important characteristic, called trace.

ail a2 ... Qip n
Tr a21 a2 ... Qopl| =a11+age+ ... +ap, = E Qs -
cQpl Ap2 ... Qpp i=1

Theorem 1.3.5. Let A € F,xn and B € Fxpm, so that AB and BA are
both well-defined. Then,

Tr(AB) = Tr(BA).

Proof. Exercise. O
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Recall that we also have an additional operation, transposition, and it
is easy to check that with respect to matrix-matrix multiplication it has the
following property:

(AB)' = B'A?
Note that the order of multiplication changes after the transposition opera-
tion is applied.

In general, linear maps L4 : F™ — F" are not invertible and we will see
later that they can be invertible only if n = m.

Definition 1.3.6. A € F}} is called invertible when there exists B € F}}
such that AB = I = BA.

Theorem 1.3.7. If A € F)} is invertible, there exists only one matriz B
such that AB = I,, = BA.

We will denote this inverse by A~

Proof. Suppose there are two inverses, By and By. Then,

Bil, = By(ABy) = (B{A)B, = B,.

Example 1.3.8. For a 2 x 2 matrix

the inverse is

1 d —b
ATl = :
ad — be [—c a ]

It exists only if ad — be # 0.
Note also the following useful identity.

Theorem 1.3.9. If A and B are two invertible n X n matrices, then AB is
also invertible and

(AB)"'=B7tA"L

The proof is left as an exercise.

Sometimes the concepts of the left and right inverses of a matrix A
are also useful. An m x n matrix A is left-invertible if there exists an
n X m matrix B such that BA = [,,. It is right-invertible there exists an
n x m matrix C' such that such that AC = I,,,. These matrices are usually
not unique. In fact, it can be proved that they are unique if and only if A
is invertible.
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1.4 Exercises

Do the following exercises to check your understanding of the material. The
exercises with (=) have a hint at the end of Lecture Notes.

Part I

Exercise 1.4.1. Let x = (1,2,3)!, y = (y1,y2,y3),, 2 = (4,2,1)!. (Here ¢ is
the transposition operation meaning that the row-vector is converted to a
column vector and vice versa.) Compute 2z, 3y, = + 2y—3z.

Ezercise 1.4.2. Which of the following sets (with natural addition and mul-
tiplication by a scalar) are vector spaces. Justify your answer.

(a) The set of all continuous functions on the interval [0, 1];
(b) The set of all non-negative functions on the interval [0, 1];
(c) The set of all polynomials of degree exactly n;

)

d) The set of all symmetric n X n matrices, i.e., the set of matrices A =
y
[ajk]} k=1 such that a;; = ajs.

Ezercise 1.4.3. True or false:
a) Every vector space contains a zero vector;

(
(b

) A vector space can have more than one zero vector;
(¢) An m x n matrix has m rows and n columns;

(d) If f and g are polynomials of degree n, then f + g is also a polynomial

of degree n;

(e) If f and g are polynomials of degree at most n, then f + ¢ is also a
polynomial of degree at most n.

More exercises from Treil: 2.1, 2.2, 2.3, 2.4

Exercise 1.4.4. s

Let a system of vectors vi,vs,...,v, be linearly independent but not
generating. Show that it is possible to find a vector v,41 such that the
system wv1, v, ..., Up, Upy1 is linearly independent.

FExercise 1.4.5. s
Is it possible that vectors vq, vo, v3 are linearly dependent, but the vectors
w1 = v1 + V9, Wy = v2 + v3 and w3 = v3 + vy are linearly independent?
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Some proofs:
Ezercise 1.4.6. Prove that a zero vector 0 of a vector space V is unique.

FExercise 1.4.7. Prove that the additive inverse of an element of a vector
space is unique.

FEzercise 1.4.8.
Prove Lemma

1.0-v=0forallveV.
2. a-0=0, for all & € F.

3. —v=(-1)-v,forallveV.

Part 2
From Treil:
1. 3.1(c), 3.1(d), 3.2, 3.3(b), 3.3(d), 3.4(a, b, c)
2. 5.1(a), 5.3, 5.5, 5.6, 5.7
3. 6.1,6.2, 6.5, 6.6, 6.7, 6.8, 6.9, 6.12, 6.13
4. 7.1,7.2,7.5

Additional Exercises:

Ezercise 1.4.9. Suppose the vector space V is the space of polynomials with
real coefficients that have the degree < 3. Use the basis {1,z, 22 z3}. In
this basis, what is the matrix of the shift operator 1" that sends a polynomial
P(x) - P(x+1)7

1\ !
Ezercise 1.4.10. Write the matrix <<(AB)t) ) in terms of A~! and B~!.

Part 3

Proof exercises:

The sequence of exercises - proves the existence of dimen-

sion of a vector space, that is, the theorem that every basis in a vector space
has the same number of vectors. (See exercises 4.33 - 4.36 in Lipschutz -
Lipson book.)
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Ezercise 1.4.11. Prove: Suppose two or more nonzero vectors vy, va, ..., Um
are linearly dependent. Then one of them is a linear combination of the
preceding vectors.

Ezercise 1.4.12. Suppose S = {v1,...,v,} spans a vector space V.

(a) (Addition of a vector) If w € V, then {w,v1,...,vy,} is linearly depen-
dent and spans V.

(b) (Removal of a vector) If v; is a linear combination of vy,...,v;_1, then
S without v; spans V.

FExercise 1.4.13. =

Use two previous exercises to prove the Exchange Lemma: Suppose
{v1,v9,...v,} spans V', and suppose {wi,ws,...,w,} is linearly indepen-
dent. Then m < n, and V is spanned by a set of the form

{w17w27 ey Wi,y Vg y Uiy e v e 7vin7m}

Show that this implies that if {v1, ve,...v,} spans V, then any n+ 1 or
more vectors in V are linearly dependent.

Ezercise 1.4.14. Using the previous exercise, prove the Dimension Theorem:
Every basis of a vector spaces V' has the same number of elements.

Ezercise 1.4.15. Prove the following theorem: Let V be a vector space of
finite dimension n. Then

(i) Any n+1 or more vectors must be linearly dependent.

(ii) Any linearly independent set {uy, ..., u,} with n elements is a basis of
V.

(iii) Any spanning set vi,va,...v, of V with n elements is a basis of V.
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Chapter 2

Range and Nullspace of
Linear Maps

Reading: Chapter 2 in Treil.

2.1 RREF: Reduced Row Echelon Form

The linear system

n

E ai;r; =b;, i=1,...,m
Jj=1

or, in matrix form, Az = B. It can also be associated with "augmented "matrix
[A| B] obtained from A by adding an extra column to A, separated by a verti-
cal line to remind us that it was the right-hand side. The variables x1, ..., x,
do not explicitly appear but they implicitly associated with columns of A.
Gaussian Elimination

The elementary row operations are

(a) exchange of rows,

(b) multiplication of a row by a non-zero constant, and

(c) subtraction of a row from another row.

These operations do not change the set of solutions of the system, so they
can be used to reduce the system to a simple form, when the system is easily
to solve. This method is called Gaussian elimination, or row reduction.
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The goal is the row echelon form or the reduced row echelon form.
In general, a matrix is in row echelon form if it satisfies the following
two conditions:

1. All zero rows (i.e. the rows with all entries equal 0), if any, are below
all non-zero entries.

2. For any non-zero row its leading entry is strictly to the right of the
leading entry in the previous row. (The leading entry is the left-most
non-zero entry. The leading entry in each row in echelon form is also
called pivot entry, or simply pivot.)

It is in reduced echelon form if, in addition,
1. All pivot entries are equal 1;
2. All entries above the pivots are 0.

The variables which correspond to non-pivot columns are called free.
If the system is in RREF, then it is easy to solve.

Ezample 2.1.1. Suppose the rref form of the system is

120001
[Ap)=10 0 1 5 0 | 2
0000T1]3

Then the solution Of the system Ax = b is

.
T = 1-— 21’2,
To is free,

T3 = 2 — d1y,

x4 is free,

x5:3.

In the vector format, we can write this as = = vy 4+ sv1 + tve (with zo = s
and x4 = t being arbitrary parameters).

1 -2 0
0 1 0
z= |2 +a2| 0| +x4 |—5| ,29,24 € F.
0 0 1
3 0 0
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Usually, vg is called a particular solution of the non-homogeneous equation
Az = b which is obtained by setting o = x4 = 0 and reading off the values
of the pivot variables from the right hand side, and vy, v; are two indepen-
dent solutions of the homogeneous equation Az = 0. (These solutions are
obtained by setting (z2 = 1,24 = 0) or (z2 = 0,24 = 1), assuming right-
hand side equals zero, and solving for the remaining variables. This is easy
for the equation in rref form.)

2.2 LU factorization

From the second interpretation of the matrix-matrix product, we know that
we can manipulate columns of matrix A by multiplying A on the right by a
matrix B. Similarly, we can manipulate rows of A by multiplying it on the
left by a suitable matrix C.

In particular, elementary row transformations can be realized by multi-
plying matrices on the left by elementary matrices. For example, subtraction
of the twice the row 1 from the row 2 can be realized by multiplying on the
left by the following matrix

1 00 0
-2 10 0
0 01 0

These row manipulations are all that we need to perform the Gaussian
elimination. If we apply the Gaussian elimination to a square matrix A, at
the end we obtain an upper diagonal matrix U.

X X X X X X X X X X X X X X X X
X X X X L, 0 X X X L, X X X Ls X X X
—_— —_— —

X X X X 0 X X X 0 X X X X
X X X X 0 X X X 0 X X 0 x
A LA L,L,A L;L,L,A

Figure 2.1: Schematics of Gaussian elimination

All the matrices we applied on the left were lower diagonal with 1 on the
main diagonal, and the product of such matrices, L = L,_1... L1, is also
lower diagonal with ones on the main diagonal. We get a formula LA=U ,
where U is upper diagonal.
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It is easy to get L by applying the row transformations to the extended
matrix: (A|I,), where I,, is the n x n identity matrix. Then at the end of
the row reduction process, we will get matrix (U |E)

The inverse of the matrix L is also lower-diagonal. This can be checked
by undoing the transformations one-by-one. For example the inverse of the
matrix L; above is the matrix

1 0 0
1 |2 1 o0
Ly = 0O 0 1

And (L)"'=L7.. . L7L,.
So, finally, we get a decomposition

A=LU,

where L = (E)_1 is lower-diagonal with ones on the main diagonal and U is
upper-diagonal.

This is called the LU decomposition of matrix A. It turns that if this
factorization exists then it is unique.

The matrix U represents the system in a row echelon form.

2.3 Rank and nullity

The null-space of matrix A is the null-space of the corresponding transfor-
mation Ly.

Definition 2.3.1. The null-space of m x n matrix A is the set of vectors
x € R™ such that Az = 0. It is denoted Null(A) or ker(A).

In simple terms, if we have m equations in n variables represented by
matrix A, then ker(A) is the space of solutions of the homogeneous system
Ax = 0.

The dimension of the nullspace is called nullity of A.

The row reduction of A to rref(A) gives us an easy algorithm to calculate
the basis in the space of solutions of Az = 0. Indeed, the elementary row
transformations do not change the null space of the system. (This is why
the reduction to the row echelon form is used to solve systems of linear
equations.) And for the rref system we can easily write every solution of the
homogeneous system as

T = 81V1 + SoUg + ... + SqUq,
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where s1, s9, ..., Sq are the values of the free variables and v, ..., v are some
non-zero vectors. Moreover, this representation is unique. This implies that
v1,...,0g form a basis of the null-space and that the nullity equals
to d, the number of free variables in the rref form.

Ezxample 2.3.2. Let, as in the previous example,
12 000
00150
00 001

Then the nullity is 2, the number of free variables, the free variables being
xo2 and x5, and a basis of the null-space is given by

-2 0

1 0
5= 8 "15}

0 0

(The vectors are obtain from setting xo = 1,25 = 0 in one case and xy =
0,75 = 1 in the other case, and solving the equations.)

Now let us turn to the rank.

Definition 2.3.3. The range of an m x n matrix A, denoted range(A), is
the set of vectors in R™, that can be expressed as Az for some x.

(It is also frequently denoted Im(A).)

The product Az can be interpreted as a linear combination of the columns
of A, so range(A) is the set of all linear combinations of columns of matrix
A. Hence, range(A) is the linear space spanned by columns of A. For this
reason, it is also called the column space of A.

The (column) rank of a matrix A is the dimension of range(A) (or its
column space). The rank measures the size of the space of those b which
can be represented as b = Ax.

The elementary row operations change the column space but they do
not change its dimension. If several columns are dependent/independent,
then they remain dependent/independent after an elementary transforma-
tion used in the reduction process.

Formally, this is a consequence of the fact that the matrix multiplication
has the distributive property. If columns vy, ..., v; are linearly dependent:
c1v1 + ... + cgvr = 0, and an elementary row transformation is given by
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the left multiplication by matrix L, then the images of these rows are also
linearly dependent:

c1(Lvr) + ...+ cp(Lug) = 0.

One can also go in the opposite direction because every elementary row
operation can be undone by another elementary row operation.

Moreover, if certain columns form a basis of range(A), then the trans-
formed columns form a basis of range(A), where A is the transformed matrix.

By observing the rref matrix A we see that the basis of its column space
is given by the pivot columns. Therefore the basis of the column space
A is given by the columns of A that correspond to the pivot columns. In
particular, the rank of the matrix equals to the number of pivots.

Ezample 2.3.4.

13 0 -1 2
A=12 6 1 -1 7/,
131 0 5
We can reduce A to the following matrix
1 3 0 —1 2
rref(A)=10 0 1 1 3],
000 0 O

then we have two pivot variables (corresponding to the entries shown in red)
and three free variables (corresponding to blue entries), hence the rank and
the nullity of the matrix are 2 and 3.

A basis of the column space range(A) is given by the first and the third
columns of the original matrix A: (1,2,1)! and (0,1,1)!. These columns
correspond to pivot columns in rref A.

The null space of A is the same as the null-space of rref(A). A basis
is given by vectors (—3,1,0,0,0), (1,0,—1,1,0), and (—2,0,—3,0,1), — we
simply set one free variable to 1 and all others to 0 and determine the value
of all other variables. So to get the last vector we set xo = 0, x4 = 0 and
x5 = 1; from the equation corresponding to the second row we get x3 = —3,
and from the equation corresponding to the first row we get 1 = —2.

Since the rank equals to the number of pivot columns and the nullity to
the number of free variables, we find that for an m X n matrix A,

nullity (A) + rank(A) = n.
In terms of linear maps, we obtain one of the fundamental theorems of

linear algebra:
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Figure 2.2: An illustration for the rank-nullity theorem

Theorem 2.3.5 (Rank-nullity Theorem). Let L : V. — W be a linear map
of vector spaces. Then,

dim ker(L) 4+ dimrange(L) = dim V.

That is, the sum of dimensions of the range and the kernel of a linear map
are equal to the dimension of the source V. If a transformation L : V — W
has trivial kernel (KerL = {0}), then the dimensions of the domain V and of
the range range(L) coincide. If the kernel is non-trivial, then the transforma-
tion “kills” dimker(L) dimensions, so dimrange(L) = dim V' —dim ker(L).

Sketch of another proof of Theorem . 1. Choose a basis {v1,...,vs}
for subspace ker(L).

2. Complement it to a basis {vi,...,vs,w1,...w,} in V. (One needs to
prove that this is possible.)

3. Claim: {L(w1),...,L(w,)} form a basis in range(L).
Indeed, {L(w1),...,L(wy)} is a generating set. If w € range(L), then

w= L) = Llciv1 + ... + csvs + dywy + ... + dywy)
=diL(wi)+ ...+ d, L(w,).
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Also, {L(w1), ..., L(w,)} is linearly independent. Indeed, suppose
z1L(wy) + ...+ z.L(w,) = 0.
Then zyw; + ...+ z,w, € ker(L), so we have

1wy + ...+ TpwWr = Y101 + ...+ YsUs,

r1wi + ...+ xpwp — Y101 — ... — Ysvg = 0.
Since {v1,...,vs,w1,...w,} is a basis, hence all coefficients must be
zero, in particular x1 = ... =z, = 0.
Together this shows that dimker(L) + dimrange(L) = s +r =dim V'

O]

Ezample 2.3.6. Let V,, be the space of polynomials of degree < n and let L
be the differentiation map, L : f(xz) — f’(x). Then, the null-space of L is
the space of solutions to the equation f’(x) = 0, which is the space of all
constants. Hence, dimker(L) = 1. The range of L is V,,_1 C V,,, that is,
the subspace of polynomials of degree < n — 1. We have dimrange(L) =
dim V,,_1 = n, and therefore,

dimker(L) 4+ dimrange(L) = 1 + n = dim(V},),
in agreement with the claim in Theorem .

Since the number of pivots cannot exceed the number of rows or the
number of columns, it is clear that rank(A4) < min{n, m}.

Definition 2.3.7. For an m x n matrix A, if rank(A) = min{n, m}, we say
that matrix A is of full rank.

What does this mean that a matrix has full rank?
Theorem 2.3.8. Let A € F,xp, with r = rank(A).
(a) Ly : F™ — F™ is injective if and only if r = n,
(b) L4 is surjective if and only if r = m.

(c) Ly is bijective if and only if m = r = n.

Proof. (a) By Theorem L, is injective if and only if ker(L4) = {0},
so if and only if dimker(L4) = 0. By Theorem , this happens if and
only if rank(L4) = n. (b) By Theorem , L 4 is surjective if and only
if range(L4) = F™. Since the dimension of range(L4) = r, hence L4 is
surjective if and only if r = m.

(c) This statement follows immediately from (a) and (b). O
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In other words, a matrix A is full rank if and only if the linear map L 4
is either injective or surjective or both.

If m = n (the matrix A is square), and the matrix A has full rank, we
see from the previous result that L 4 is a bijection of R™ on R"™ and so there
exists an inverse transformation.This implies the following result

Theorem 2.3.9. A square n xn matriz A has full-rank if and only if there
exists an n X n inverse matriz A~ with the properties AA™' = A71A =1,
where I, is the n X n identity matriz.

It is useful also to note that L4 cannot be invertible if m # n. Either
injectivity or surjectivity is violated.

Row rank = column rank

We can also define the row space as the linear space spanned by the rows
of the matrix A. Then the row rank is its dimension. It is clear that the
row space space of A is isomorphic to the column space of A?, so row rank
= rank(A?).

One can easily check that elementary row operations do not change the
row space.d Indeed, let © = ¢iry + ... cgrm, where r1,...7,, are rows. The
rows of a transformed matrix can be easily written as the linear combinations
of the rows of the original matrix. For example, if we subtract twice the row
1 from the row 2 then the new rows will be 7| = r1, r = ro — 2ry, 1§ = r3,
and so on. Then we can write z in terms of new rows. In our example this
is x = 17 + ca(ry + 2r}) + ... + cpry. So it is clear that z is in the row
space of the transformed matrix LA.

It follows the elementary row operations preserve not only the column
rank but also the row rank. So the row rank of A equals the row rank
of rref(A) . But for this form, the non-zero rows are linearly independent,
therefore the row rank equals the number of non-zero rows, so it equals the
number of pivot variables! This shows that the following fundamental result
holds:

column rank(A) = row rank(A).
Theorem 2.3.10. For every matriz A,

rank(A) = rank(A").

They do not change the nullspace and they do not change the row space but they do
change the columns space, although they preserve the dimension of the column space!
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Perhaps the following explanation is helpful. By definition rank(AY)
counts the number of independent rows, that is, the number of independent
equations that generate all equations. So, if we have n variables, we can
eliminate rank(A') of them by solving this equations. All other variables
are free. This shows that n — rank(A?) = dim(Ker(A)). By applying the
rank-nullity theorem we find that rank(A') = rank(A).

One consequence is the following “duality” theorem:

Theorem 2.3.11. Let A be an m X n matriz. Then the equation Az = b
has a solution for every b € F™ if and only if the dual equation Alzx = 0
has a unique (only the trivial) solution.

In other words, the linear transformation L4 : F™ — F™ is surjective if
and only if the transformation L 4¢ : F™ — F™ is injective.

Proof. Az = b has a solution for every b if and only if rank(A) = m, and
Atz = 0 has a unique solution if and only if dim ker(A*) = 0, which we can
rewrite as m — rank(A') = 0, which is equivalent to rank(A) = m by the
previous theorem. ]

2.4 Inverse matrices

We have two interpretations for multiplication by matrix A. Correspond-
ingly, there are two interpretations for the multiplication by the inverse
matrix AL

1. If multiplication by a square matrix A is interpreted as a linear trans-
formation z — y = Ax from V = R" to W = R", then multiplication
by A~! is simply the inverse transformation y — = from W — V.

2. If the multiplication is understood as taking a linear combination of
columns of A with coefficients from x, then A~'y is the vector of
coefficients of the expansion of y in the basis of columns of A. In
other words, multiplication by A~! can be understood as the change
of basis operation. (We are given y in a standard basis, and we have
a new basis v1,...,v,. We write the coordinates of each wv; in the
standard basis as i-th column of matrix A. Then the coordinates of y
in the new basis are given by the entries of the vector A~1y.)

Note, however, that in this calculation of coefficients of a vector in the
basis of columns of A we assumed that A is n x n and the range of A equals
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the target space R"™. We will talk more about this later when A is m X n,
m > n and so the range can be smaller than R™.

It is also worthwhile to mention two useful properties of the inverse
operation:

1. (AB)"'=B71tA"1
2. (AH~l = (A~Ht.

To see that the first property holds, note that AB is the composition of the
linear maps A and B in which B acts first, and A second. We can invert
this composition by doing A~! first and B~! second. This corresponds to
the product B~1A~1.

For the second property, let B := A~!. Then, we have AB = I. By
taking the transposition on both sides and using one of the properties of tthe
transposition operation, we get B'A! = I. This means that Bt = (A")~1.

Calculation of the inverse matrix: Gauss-Jordan method

In order to calculate the inverse matrix A~ we need to calculate L7 (e;) for
the standard basis e;, 7 = 1,...,n. In other words, we need to solve n linear
systems Av; = e;. We can do it by applying the Gaussian elimination to
the extended matrix (A|I,). After the row reduction we will get the matrix
(1| A7),

More generally if we need to solve equation AX = B where A isn xn
invertible matrix and B is an n X r matrix, then we can apply row reduction
to (A|B) and the output will give us (I,|A~1B).

Ezample 2.4.1. Calculate the inverse of the following matrix

2 1 1

A=14 -6 0

-2 7 2

Answer:

12 5 _ 6
16 16 16
-1_ | 4 3 2
A7 =15 -8 s

—1 1 1

2.5 Change of basis

Suppose L : V — W is a linear transformation and we are given bases in V,
{v1,...,v,} and in W, {wy, ..., wy}. How do we calculate the matrix of L
in these bases?
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As we seen, the columns of this matrix are vectors L(vy),. .., L(vy) writ-
ten in the basis {wi,...,wy}. In this section, we will see two examples of
this calculation.

Ezample 2.5.1 (Change of basis formula for F — F™). Consider the sit-
uation when L = Ly : F" — F™. In other words, in the standard ba-
sis {e1,...,en} in F™ the linear transformation is given by the formula
X — AX. In particular, the matrix of this transformation is A. Suppose,
now that we consider a new basis in F" that consists of vectors {b1,...b,}.
Let B be a matrix with columns b;, Col;(B) = b;. Our task is to calculate
the matrix of L in this new basis.

Following the plan above, we apply L to each basis vector b;. We can
write the result as a matrix AB in the sense that the columns of AB are
the images of basis vectors, L(b;),

However, the entries of these columns are the coordinates in the standard
basis {e;}, while we are interested in coordinates in the new basis {b;}.

So, the next step is to find the coefficients of each column of AB in the
basis {b1,...b,}. By what we have seen in Section @, these can be done
by multiplying the matrix AB on the left by matrix B~

Hence, the matrix of transformation L = L4 in the new basis is

A=B1'AB. (2.1)

The matrices A that can be represented in this form for an invertible
matrix B are called similar to A. In algebraic terms A is conjugate to A
in the multiplicative group of the ring F;’, and the map A — A=DB'AB
is an automorphism of the ring F).

We can think about the family of similar matrices as the representations
of the same linear transformation L in different bases. In particular, if we
want to study the properties of the linear transformation which does not
depend on the choice of the basis, we need to find the properties of matrices
which does not change if we apply the similarity transformation.

Change of Basis — more general

In general we have the change of coordinates matrix [I|g4 = [I|g«.4, which
represents change of coordinates from vectors written in basis A to coordi-
nate written in basis B. If [v] 4 is the column of coordinates of vector v € V/
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in basis A and [v]p is the column of coordinates of this vector in basis B,
then we should have:

vl = [IpA[v]a

For example, as we have seen above, if V = F™ and § is the standard
basis in F,,, which consists of vectors {e1,es,...,e,} then we have

s = U]pes = B~" and [I]sg = [[]ss = B,

where B is the matrix whose columns are the elements of basis B written in
the standard basis.

In this way it is easy to understand the change of basis formula (@) in
Example E In order to find the matrix for linear transformation L4 in
a new basis B, we transform coordinates from basis B to basis S, apply the
transformation L 4 in the standard basis — that is multiply by A — and then
return back to the basis B. So, the new matrix is

A = [I|gsAlllss = B~'AB.

Here is a couple of examples to illustrate the ideas in a general setting.

Ezxample 2.5.2. In the space of polynomials of degree at most 1 we have
bases A = {1,1 +t}, and B = {1+ 2t,1 — 2t}, and we want to find the
change of coordinate matrix [I|g4. In principle, we need to write a matrix
in which the columns are the coordinates of the basis vectors of A written in
the basis of B. Alternatively, we can do change of coordinates in two steps
and we can write:

[{]sa = [I]ps[I]sa;

where S is the standard basis {1,¢}. Then we can immediately write:
-1
1 1 11

=il Al i)

Ezample 2.5.3. Let L : R3 — R? be given by
L( a b )_ a—b+2c—3d
c d|/) |—a+3b+5c+d
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Let S be the standard basis of R%, ie.,

s={[o - o[ 5.0 1)

and let T be the standard basis of R2. Let other ordered bases be

s={lo a1 o) [1 3o i e ={(] )

(a) Find the matrix A, representing L from S to 7.

(b) Find the matrix A, representing L from S’ to 7.

For (a), we simply apply L to the elements of basis S and read off the
columns of matrix A:
s [ 1 -1 2 —3] '

-1 3 5 1

For (b), what one can do is to find the coordinate change matrises [I]s. s/
and [I]77. 7 then calculate [I]7/. 7 A[Il]scs

It might be a bit more straightforward to calculate A[I]s. s directly by
applying the linear transformation to the basis elements of §’. We find:

~n_ (=2 1] [-1] [-3 }
L(S ) - { |: O ’ 8 9 6 ) 3
We need to apply the transformation [I]77..7 = B~! to each of the vectors
in this set. Here B is the coordinate change matrix [I]7. 77,

3 5
o=t
It is convenient to do all calculations simultaneously, by bringing the ex-
tended matrix

35 | -2 1 -1 -3
12 1] 0 8 6 3
to the rref.
3 5] -2 1 -1 -3 N 12 1] 0 8 6 3
1 2] 0 8 6 3 3 5] -2 1 -1 -3
o 1 2 | 0 8 6 3 1 2] 0 8 6 3
0 -1 | -2 —-23 —-19 -—12 0 1 | 2 23 19 12

Lfro -4 -3 32 21
01 ] 2 23 19 12
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So we conclude that

~ -4 =38 -32 -21
2 23 19 12

2.6 Rank-1 matrices

In previous section, we paid a special attention to the matrices of full rank.
What about the matrices of small rank? One important case occurs when
we have a matrix of rank one. In this case, the dimension of the range is
1, and by the fundamental Theorem the dimension of the null space is
n— 1.

Since the dimension of column space is 1, it means that all columns are

proportional to a single column (by,. .., by)!. So, the matrix can be written
as follows:
arb1 a9b1 ... apby
A aitby  asbs ... apby _ bat,
aiby, asby, ... anbm
where b = (by,...,bn)! and a = (ay,...,a,)" are two column vectors.

Hence, we can conclude that every matrix of rank 1 is an outer prod-
uct of two (non-zero) vectors.

The range of L4 is spanned the vector b and a vector v = (x1,...,xy,) is
in the nullspace of L4 iff a'v = a1z + ...anx, = 0, in other words, if the
vector v is orthogonal (i.e. perpendicular) to vector a,.

One important case is when a = b and b has unit length (i.e. b'b = 1.
Then this linear maps b to itself and all vectors perpendicular to b to zero
vector. So, geometrlcally this linear transformation is the projection on the
line spanned by b along the plane perpendicular to vector b.

Can you see what will be I — 2bb', if b has unit length?

2.7 Exercises

Part 1. Basic questions.

Exercise 2.7.1. Let vi = [1,2,3]}, vo = [0,1,3]!, v3 = [1,0,1]. Find the
coordinates of the vector x = e; = [1,0,0]" in the basis {v1,v2,v3}.
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FEzercise 2.7.2. Let

1 2 2
A=12 4 6
1 2 3
For what value of b, the system
1
Axr = |4
b

has a solution? Write the general solution of the system in the vector form
for this value of b. Find a basis of the null-space (i.e., kernel) of A. Find a
basis for the range of matrix A.

Ezercise 2.7.3. Determine, if the vectors

) )

1 1 0 0
1 0 0 1
0’1 1 0
0 0 1 1
are linearly independent or not. Do these four vectors span R*? (In other
words, is it a generating system?) What about C*?

FExercise 2.7.4. A 54 x 37 matrix has rank 31. What are dimensions of all 4
fundamental subspaces?

Ezercise 2.7.5. Consider the system of vectors
[1,2,1,1]%, 0, 1,3,1]",[0,3,2,0]*, [0, 1,0, 0]".
a) Prove that it is a basis in F*. Try to do minimal amount of computations.

b) Find the change of coordinate matrix that changes the coordinates in
this basis to the standard coordinates in F* (i.e. to the coordinates in
the standard basis eq, ..., eq4).

FEzercise 2.7.6 (2.5.1 in Treil). True or false:
(a) Every vector space that is generated by a finite set has a basis;
(b) Every vector space has a (finite) basis;

(c) A vector space cannot have more than one basis;
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(i)

If a vector space has a finite basis, then the number of vectors in every
basis is the same.

The dimension of V,, (the vector space of polynomials of degree < n) is
n;

The dimension on M, x, is m + n;

If vectors vy, v, ..., v, generate (span) the vector space V , then every
vector in V' can be written as a linear combination of vector vy, ve, ..., vy
in only one way;

Every subspace of a finite-dimensional space is finite-dimensional;

If V is a vector space having dimension n, then V has exactly one
subspace of dimension 0 and exactly one subspace of dimension n.

Ezercise 2.7.7 (Exerices 2.6.1 in Treil). True or false

(a)
(b)
()
(d)
()
(f)

(2)

(i)

Any system of linear equations has at least one solution;
Any system of linear equations has at most one solution;
Any homogeneous system of linear equations has at least one solution;
Any system of n linear equations in n unknowns has at least one solution;

Any system of n linear equations in n unknowns has at most one solu-
tion;
If the homogeneous system corresponding to a given system of a linear

equations has a solution, then the given system has a solution;

If the coeflicient matrix of a homogeneous system of n linear equations
in n unknowns is invertible, then the system has no non-zero solution;

The solution set of any system of m equations in n unknowns is a sub-
space in R";

The solution set of any homogeneous system of m equations in n un-
knowns is a subspace in R”.

Ezercise 2.7.8 (Exercise 2.7.1 in Treil). True or false:

()

The rank of a matrix is equal to the number of its non-zero columns;
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) The m X n zero matrix is the only m x n matrix having rank 0;

) Elementary row operations preserve rank;

(d) Elementary column operations do not necessarily preserve rank;
)

The rank of a matrix is equal to the maximum number of linearly inde-
pendent columns in the matrix;

(f) The rank of a matrix is equal to the maximum number of linearly inde-
pendent rows in the matrix;

(g) The rank of an n x n matrix is at most n;

(h) An n x n matrix having rank n is invertible.
Ezercise 2.7.9 (Exercise 2.8.1 in Treil). True or false
(a) Every change of coordinate matrix is square;

(b) Every change of coordinate matrix is invertible;

(c) The matrices A and B are called similar if B = Q'AQ for some matrix

Q;

(d) The matrices A and B are called similar if B = Q! AQ for some matrix

Q;

(e) Similar matrices do not need to be square.

Part 2.

Ezercise 2.7.10. Find a 2 x 3 system (2 equations with 3 unknowns) such
that its general solution has a form

1 1
1| +s 2], seR
0 1

Ezercise 2.7.11. Find the inverse of the matrix

N W
W N
= W =

Show all steps.
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Ezercise 2.7.12. = Ch. @
Prove that if V is a vector space having dimension n, then a system of
vector vy, v, ..., v, is linearly independent if and only if it spans V.

Ezercise 2.7.13. Let vectors u,v,w be a basis in V. Show that u + v 4+ w,
v + w, w is also a basis in V.

Ezercise 2.7.14. w Ch. El
Suppose that vectors vy, ..., v, form a basis for a real vector space V.
Which are also bases?

(a) {v1 +vo,v2 +v3,..., Un—1 + Vp, Un};

(b) {v1 +v2,v2+v3, ..., Vn—1 + Vny U + 1}
(c) {vi —vp,v2+Vp_1,...,0n + (—=1)"v1}.
Ezercise 2.7.15. Let

U:{w€R5:x1+x3+x4:0,2x1+2x2+x5:O}
W:{w€R5:x1+x5:0,x2:m3:x4}.

Find bases for U and W containing a basis for U N W as a subset. Give a
basis for U + W and show that

U+W:{x€R5:m1+2x2+x5:m3+x4}.

Exercise 2.7.16. == Ch. EI
Prove or disprove: If the columns of a square (n x n) matrix A are
linearly independent, so are the columns of A2 = AA.

Ezercise 2.7.17. Find the change of coordinates matrix that changes the
coordinates in the basis {1,1 + ¢t} in Py[t] to the coordinates in the basis
{1—t,2t}.

Exercise 2.7.18. Let T be the linear operator in F? defined (in the standard

Find the matrix of T in the standard basis and in the basis {[1, 1]¢, [1, 2]*}.
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Part 3.

Additional Exercises.
Fasy questions.

Ezxercise 2.7.19. Do the polynomials 2% + 2z, 22 + = + 1, 23 + 5 generate
(span) Ps[z]|? Justify your answer.

Exercise 2.7.20. Can 5 vectors in F* be linearly independent? Justify your
answer.

Ezercise 2.7.21. Write a matrix with the required property, or explain why
no such matrix exists:

a) Column space contains [1, 0, 0]%, [0,0, 1], row space contains [1, 1], [1, 2],
b) Column space is spanned by [1, 1, 1]¢ | nullspace is spanned by [1,2, 3],
¢) Column space is R*, row space is R>.

Ezercise 2.7.22. If A has the same four fundamental subspaces as B, does
A= B?

Miscellaneous questions.

Ezercise 2.7.23. Let B be a 4 x 4 matrix to which we apply the following
operations:

1. double column 1,

2. halve row 3,

3. add row 3 to row 1,

4. interchange columns 1 and 4,

5. subtract row 2 from each of the other rows,

6. replace column 4 by column 3,
7. delete column 1 (so that the column dimension is reduced by 1).
(a) Write the result as a product of eight matrices.
(b) Write it again as a product ABC (same B) of three matrices.

Ezercise 2.7.24. Compute rank and find bases of all four fundamental sub-
spaces for the matrix

===
— = =
o = O

Exercise 2.7.25. Prove that if A : X — Y and V is a subspace of X then
dim AV < rank A. (AV here means the subspace V transformed by the
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linear map A, i.e. any vector in AV can be represented as Av, v € V).
Deduce from here that for any matrices A and B such that AB is well-
defined, rank(AB) < rank(A).

Exercise 2.7.26. Prove that if A : X — Y and V is a subspace of X then
dim AV < dim V. Deduce from here that rank(AB) < rank B.

Ezercise 2.7.27. Prove that if the product AB of two n X n matrices is
invertible, then both A and B are invertible. (Use 2 previous problems,
don’t use determinants.)

Ezercise 2.7.28. Let L : V — V be a linear map.
(a) Give an example of L : R? — R?, such that ker L = range A.
(b) Show that if L? = L then V = ker L @ range L.

(c) Does your proof works for infinite dimensional V7 Is the result still
true?

Ezercise 2.7.29. w Ch. EI
Show that if the equation Az = 0 has unique solution (i.e., if the echelon
form of A has pivot in every column), then A is left invertible.

Ezercise 2.7.30. (This is an exercise for formula (EI))
Let V = R% and let U be the subspace of V spanned by the vectors

1 17 [-2
2| lo] |2
~1{,{o]|,] 2],
1 1 1
1 o] |-2

3 1 1
2 1| |-4
3], o], |-1
1 ol |-2
3] |o 1

Determine the dimension of U N W.

Ezercise 2.7.31. Let f1,... fs be a set of functions defined on the interval
[1,8] with the property that for any numbers dy, . .., dg, there exists a set of
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coefficients ¢, ..., cg such that

8

chfj(i):di’ 121,,8

J=1

(a) Show that di,...,ds determine c1, ..., cg uniquely.
(b) Let A be the 8 x 8 matrix representing the linear mapping from data
di,...,dg to coefficients ci,...,cg. What is the i, j entry of A=1?

Ezercise 2.7.32. » Ch. @
Prove, that if A and B are similar matrices then TrA = TrB.

Exercise 2.7.33. Are the matrices B 3] and [Z ﬂ similar? Justify.

Exercise 2.7.34. Let L : R?* — R? be the linear map given in the standard
basis by the matrix

210
A=10 2 1
0 0 2

a) Find the matrix representing L relative to the basis [1,1,1]¢ , [1,1,0]¢ ,
[1,0,0]* for both the domain and the range.

b) Write down bases for the domain and range with respect to which the
matrix of L is the identity.

Ezercise 2.7.35. Let Y and Z be subspaces of the finite dimensional vector
spaces V' and W, respectively. Let £(V, W) denote the vector space of all
linear maps from V to W. Show that R = {T € L(V,W):T(Y)C Z} isa
subspace of L(V,W). What is the dimension of R?

Ezxercise 2.7.36. Let T, U, V, W be vector spaces over F, L(U, V') and L(T, W)
be vector spaces of linear maps from U to V and from T to W, respectively.
Let a: T — U and 8 : V — W be fixed linear maps. Show that the mapping
¢ : L(U,V) — L(T,W) which sends 0 to f o6 o« is linear. If the spaces
are finite-dimensional and « and 8 have rank r and s, respectively, find the
rank of ®.

Ezercise 2.7.37. Let u and v are two vectors in R”. The matrix A = I 4 uv!
is known as a rank-one perturbation of the identity. Show that if A
is nonsingular (that is, if it has an inverse), then its inverse has the form
A7l = I 4 auv? for some scalar o and give an expression for . For what u
and v is A singular? If it is singular, what is ker(A)?
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Chapter 3

Determinants

Reading for this Chapter

e Treil: Chapter 3.

3.1 Definitions

Consider an nxn matrix A with columns aq, ..., a,. We might be interested
in the volume of the parallelepiped (or, in simpler terms, the box) spanned
by vectors ai, ..., a,.

However, one difficulty is that this function is somewhat complicated. if
we call this function vol(ay,...,a,), then the equality

vol(a + al,...,a,) =vol(ay,...,a,) +vol(al,...,ay,) (3.1)

sometimes holds and sometimes not: for example, volume on the left is zero
if @} = —a; and the volumes on the right are (almost always) positive.

For this and other reasons, it is useful to define the signed volume of the
parallelepiped. The absolute value of the signed volume equals the regular
volume and its sign is determined by the orientation of the system of
vectors ai,...,a,. We will not define the orientation rigorously but only
note that it can be either positive or negative, and the orientation preserved
by rotations but changes sign after a reflection.

We denote this signed volume by Vol(ay, ..., ay). In particular Vol(vy,v2) =
— Vol(vg,v1) and Vol(—v1,v2) = — Vol(vy, v2).

The geometric definition of the determinant of matrix A is that

det(A) = Vol(ay,...,ay).
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This definition is a bit unsatisfactory since it depends on the definitions of
volume and orientation and so it is not purely algebraic. It also does not
explain how to compute the determinant.

The second definition is axiomatic. The determinant is a function that
maps matrix A = [a1,...,a,] € F)} to field F' and satisfies the following
axioms:

1. For all numbers ¢ € F,
det[cay,...,a,] = cdetlay,...,ay), (3.2)

(More generally, this identity should hold for all ¢ from the field over
which we define the matrices.)

det[a; + al,...,a,] = det[ay,...,a,] +detla], ..., a,), (3.3)
3. For every 1 < i < j <n, we have

detlay,...,ai,...,aj,...,a, = —detlai,...,a;j,...,a;...,ay].
(3.4)

4. For the basis vectors e; = (1,0,0...,0), e2 = (0,1,0,...,0), .., e, =
(0,0,0,...1), we have

detlej,eq,...,e,] =1 (3.5)

This is a nice definition but it is not clear why this function exists. (The
signed volume satisfies these axioms but our goal is to avoid using the signed
volume in the definition.)

We are going to show the existence of the determinant by writing the
function det(A) explicitly in terms of the entries of A and checking that it
satisfies the axioms. Unfortunately, this definition is somewhat cumbersome.

It can perhaps be guessed by con-
N sidering examples in 2-dimensional and
(a +c, b+d) . . .
© d) 3-dimensional space. For example, if
we have two vectors v; = (a,b) and
vy = (¢,d) then one can show that the
ad - bc area of the corresponding parallelogram
is ad — bc. One can also develop a for-
mula for the volume of 3-dimensional
(a, b) parallelepiped.

Y

(0, 0)
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Alternatively, we can note that the
determinant det[vy,...,v,] is a multi-
linear function in v (these are proper-
ties (@) and (@) and this function has
an additional special property to change

sign when we exchange two arguments. This means that it is enough to un-
derstand what are the values of the determinant when v1,...,v, are basis
vectors and then extend the definition by multi-linearity. So, as a first step,
we need to understand what are det(e;,, €i,, ..., €;,), where all e;, are basis
vectors. Now, if any of these vectors repeats, then the value of the deter-
minant must be zero if we want property (@) to be true. (Otherwise we
could exchange the repeating vectors and would get a contradiction.) If all
e;,, are different then we have to figure out the determinants of the matrices
like in this example:

det(eq, e3,€1,€2) = (3.6)

_ o O O
o= O O
oS O O
o O = O

Note that here we have a permutation of the basis vectors: e; was placed
in 3-rd position, eo was placed in 4-th position and so on. By exchanging the
columns we can undo this permutations and bring the matrix to the identity
matrix, which should have determinant 1 by property (@) So, using the
property (@), we find that

det(e;,, €y, . . -, €5, ) = (—1)HE820dn)

where [(i1, 19, . . .1,) is the number of times we need to exchange the columns
to get to the identity matrix.
For an example, let us do this process for two-by-two matrices. First

10
det(61,62> = det |:0 1:| = 1,

0 1
det(eg, e1) = det [1 0] = —1.
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Then

det [Z Z} = det(aey + bea, ce1 + de2)

= adet(e, ce; + dea) + bdet(es, cer + des)
= acdet(ey,e1) + addet(eq, ea) + bedet(ez, e1) + bd det(es, e2)
= ad — be.

In general, for arbitrary n, we obtain the following constructive definition
of the determinant.

Definition 3.1.1. Let A = (a;;) be an n x n matrix, then

det(A) = Z 6(7’(’)(1171-(1)&271-(2) -+ Apg(n)- (37)
TESy
Here the sum is over all permutations of the set {1,2,...,n} and e(n) is

defined below.

A permutation is the bijective mapping of this set to itself. For example,
we can define a permutation of the set {1,2,3,4} by setting (1) = 3,7(2) =
4,7(3) = 2,7(4) = 1. This permutation can also be written in two-line
notation:

1.2 3 4
T34 21
or simply in one-line notation 3421 (since the first line is always the same).
For each permutation, we can define its length /(7) as the minimal number
of switches of two elements which is needed to bring it to the identity per-
mutation. (In combinatorics such a switch is called a transposition.) For
example for our transformation m = 3421, we can undo it as follows:

3421 2L 1423 22 1243 23 1234,

so the length of this permutation is three.
Then we define the function e(7) := (—1)"™), and now our formula (@)
is well-defined.

Ezercise 3.1.2. Let an inversion in a permutation m be a pair ¢ < j, such
that 7(i) > 7(j). Let inv(m) be the number of inversions in permutation .
Let (k,1) denote the permutation that switches & and [ and leaves all other
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elements intact, and let # = (k,l) o m be the composition of (k,[) and 7.
Then

(_l)mv(fr) _ _(_l)inv(ﬂ')

[Hint: prove this for (elementary) transpositions (k,k + 1), and then show
that any transposition (k,l) can be written as a composition of an odd
number of the transpositions of this elementary type.]

Since the identity permutation has no inversions, this exercise shows that
e(m) = (~1)™),

It also shows that the following key property of e(m) holds. If k is the
number of elements in any sequence of two-element switches that brings m
to the identity transformation (not necessarily the shortest sequence), then
e(m) = (=1)F.

To illustrate formula (@), for a 2 x 2 matrix A we have only two per-
mutations 12 and 21 with lengths 0 and 1 respectively, and the formula for
the determinant is

det(A) = ar1a22 — ar2a21,

with the first term corresponding to the identity permutation 12 and the
second to the permutation 21.

If n = 3, we have one permutation of length 0: 123, three permutations
of length 1: 213, 132, and 321, and two permutations of length 2: 231 and
312. So the formula for the determinant in this case is

det(A) = ar1a22a33 + a12a23a31 + a13a21a32

— 012G21033 — 411023032 — 413022031 -

The number of terms in these formulas grows very fast so they are not
useful for the actual computation of the determinants except for small ma-
trices.

We give the following theorem without proof, although it should be suf-
ficiently convincing after the motivation that we gave above.

Theorem 3.1.3. The determinant function det : F* — F _as defined in
) s the unique function that satisfies properties (@ - @)

In particularly, the determinant which we defined previously axiomati-
cally actually exists.
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The terms in the definition of the determinant can also be re-organized to
give the recursive formula for the determinant in terms of the determinants
of sub-matrices.

This is called the cofactor expansion of the determinant.

Let A be an n x n matrix with entries a;;. Let AU9) be a matrix which
is obtained by removing row ¢ and column j. Then the cofactor

Cij = (—1)i+j det (A(Z]))

The cofactor expansion along the row ¢ is the formula
n
det(A) = Z aijCZ-j.
j=1

For example, for the first row, we have the expansion:

det(A) = a11Cn1 + a12Ci2+ ... + a1,C1p,
= qq; det (A(H)) — ajg det (A(lg)) + ...+ (—1)"+1a1n det (A(I”))

We have also an analogous expansion along column j:
n
det(A) = Z aijCij.
i=1

(So altogether, there are 2n different expansions, n along the rows and n
along the columns.)

This result can be proved from the basic definition (@) In a sense,
this is simply a way to organize formula (B.7) as a recursive calculation. We
omit the proof.

The cofactor expansion can be used to calculate the determinant recur-
sively but for large matrices this is usually much slower than by reducing
the matrix to the upper-diagonal form, the method which we describe
a bit later.

3.2 Properties of the determinant

One case in which it is easy to calculate the determinant from the definition
(B.7) or from a cofactor expansion is the case in which the matrix is either
lower-diagonal or upper-diagonal. In this case, it is easy to see that the only
non-zero term in the sum in formula (B.7) is the term corresponding to the
identity permutation m = 12...n. This leads to the following theorem.
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Theorem 3.2.1. If a square matriz A is upper-diagonal, or lower-diagonal,
then

det A = aj1a92 ... ann.
Second, this definition allows us to prove an important theorem.

Theorem 3.2.2. For every square matrix A, we have:
det(A") = det(A).
Proof. For the transposed matrix A?, we have

det(A") = Y &(m)an(1)18r(2)2 - - Ui
TESH

= Z 8(7’[’)&177—1(1)@271.—1(2) <o Aup=1(n))
WESn

where 77! is the inverse permutation to the permutation 7. For example, if
o [1 2 3} then 7! — [3 1 2] _ [1 2 3]
3 1 2| 1 2 3 2 3 1|
It turns out that the length of the inverse permutation 7~! equals the
length of permutation 7. (If 7 = 7;0...07m 07, where 7; are transpositions,
then 7! =momo...om)
Hence (7~ !) = ¢(7) and we can continue the formula above as:

det(At) = Z 5(71'71)0,1”—1(1)(12%—1(2) e Opr=1(p)-
7T€Sn

However if 7 in this sum are all possible permutations of the set {1,...,n},
then 7! also run over all possible permutations of this set. So it is actually

the same sum as in definition of det(A4) and we conclude that det(A!) =
det(A). O

In particular, this implies that properties (@) - (@) hold not only for
matrix A with columns a4, ..., a, but also for matrix with rows aq, ..., a,.
Here are useful consequences of these basic properties:

Theorem 3.2.3. 1. If one row in the matriz is a multiple of another row
then the determinant equals 0.

2. If we add a multiple of row a; to any other row a; then the determinant
will not change.
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Proof. For the proof of the first property, without loss of generality let the
second row be a multiple of the first row, then

det([ai;car;...]) = cdet([ar; a1;...]) = —cdet([ar; a;...]),

where in the last equality we exchanged rows 1 and 2 and used the property
(@) This implies that the determinant is zero. (We write det([a1;aq;. . .;an))
for the determinant of a matrix with rows given by vectors ai,as, ..., Gny.

For the proof of the second property, again without loss of generality,
assume that we added a multiple of the first row to the second row. Then
we have:

det([a1; a2 + cay;...]) = det([ar; ag;. . .]) + det([ai; car;. . ])
= det([a1; az; .. .]),

which is what we wanted to prove. (The first equality uses property (@)
and the second one uses the property that we just proved.) ]

In particular, this theorem means that if we do Gaussian elimination
on matrix A (by adding the multiples of rows above to the rows below but
without multiplying the rows by a constant, and without exchanging the
rows), then the determinant of the matrix will not change and eventually we
will be left with an upper-diagonal matrix U that have the same determinant
as the original matrix. Hence, by Theorem the determinant of A equals
the product of the diagonal elements of U.

If we had to exchange the rows, then a more general formula applies:

det(A) = (—I)TUHUQQ e Upn, (3.8)

where 7 is the number of times we exchanged the rows, and u11, .., Un, are
the pivots, that is the diagonal elements of U.
This property gives an effective method to calculate the determinants.

Example 3.2.4. Calculate the determinant of

1 -4 2
A=1]1-2 8 -9
-1 7 0

in two different ways, by using the cofactor expansion and the Gaussian
elimination.
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By using the cofactor expansion over the first row, we get:

8 -9 -2 -9 -2 8
det(A)—lxdet[7 0}—(—4)xdet[_1 0}+2xdet[_1 7}

=63 —-36—12 = 15.

By raw reduction, we find

1 -4 2 1 -4 2 1 -4 2
-2 8 -9 ~1|0 0 —=5(~]J0 3 2],
-1 7 0 0 3 2 0 0 -5

where we used one exchange of rows. Consequently,
det(A) = (1)} x 1 x 3 x (=5) = 15.
For large matrices, the method that uses Gaussian elimination is much

more effective than the cofactor expansion method.

Ezample 3.2.5 (The Vandermonde determinant). One important determi-
nant which pop-ups in many parts of mathematics is the Vandermonde de-
terminant:

ot et
a2l a2
det(W) = det
T €T PN T
1 1
By the definition, this should be a polynomial of variables x1,xs,..., 2,

and that every term in this polynomial has the same total degree. It is
clear that the determinant equal to zero if x; = x; for some ¢ # j. So, the
polynomial should be divisible by all of the differences x; — ;. By checking
the total degree, it follows that the polynomial is equal to the product of
these differences up to the constant term and the by looking on a specific
term like :Urfflxg“2 ...Zn—1 one can find this constant. This results in the
following formula:

det(W) = H(m — zj).

The formula @ for determinant in terms of pivots implies the following
important property of the determinants.

54



Theorem 3.2.6. A square matriz A is invertible if and only if det(A) # 0.

Proof. The matrix A is invertible if and only if it has full rank, hence, if
and only if after row reduction all the variables u;; are valid pivots, that is,
u;i 7 0, hence, by formula (@) if and only if det(A) # 0. O

Another important result is that determinant multiplicative.

Theorem 3.2.7. Let A and B be two n x n matrices, then
det AB = det Adet B.

A sketch of the proof. The argument has two cases. The first case is when
A is non-invertible. Then AB is also non-invertible (check it!) and we are
done by Theorem .

If A is invertible then det(A) # 0, and we define

det(AB)
B) =~/
f(B) det A
Then we can check that f(B) satisfies all the axioms. For example, let
bi,...,b, denote the columns of B, and b/, bs,...,b, be the columns of a

matrix B’ Then

_ det(A(by + b)), Aba, ..., Aby)

B det A

_det(Aby, Aby, ..., Aby,) + det(Ab}, Abs, ..., Aby,)
B det A
:f(bl,bg,...,bn)+f( ll,bg,...,bn).

and the axiom (@) is satisfied. For the normalization axiom (@), we have

f(I,) = %&? = 1. Hence, by Theorem , f(B) = det(B) and we

obtain the identity det(AB) = det Adet B. O

f(bl + bll,bg, L. ,bn)

(For another proof that uses elementary transformation matrices, see
Section 3.3.5 in Treil.)

Corollary 3.2.8. For a non-singular square matriz A, we have:

1
det(A™h) =
A7) = G
Corollary 3.2.9. Suppose n x n matrix V has columns vy, ...,v,, and let

A be another n x n matriz. Then

Vol(Avy, Avs, ..., Av,) = det(A) Vol(vy, ve, . .. vy).
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Proof. Since Avy, Avs,. .., Av, are columns of the matrix AV, we have

Vol(Auvy, Ava, ..., Avy,) = det(AV) = det(A) det(V)
= det(A) Vol(vi,va, ... vy).

O]

In other words, suppose we have a box with the sides given by vectors
v1, V2, ..., U, and suppose this box has the oriented volume V', and we apply
a linear transformation A to this box. Then this box will be mapped to a
box with the oriented volume det(A)V. This gives another interpretation
of the determinant: it is a scale factor by which a linear transformation A
extends the volume elements.

3.3 Inverse matrix and Cramer formula

A formula for inverse matrix.
Recall that cofactors are defined as

Cz‘j = (—1)i+j det (A(”))

We can think about them as entries of a matrix C'. Recall also that the
(row) cofactor expansion along the row 7 is the formula

n

det(A) == Z aijC’ij.

J=1

Another use of cofactors is that they provide us with a formula for the
inverse matrix.

Theorem 3.3.1. Let A be a non-singular n x n matriz. Then

1
1 _ ¢
N det(A)C ’

meaning that

1
-1y, g
(A77)45 det(A)Cﬂ'

Sketch of the proof: We need to prove that

AC! = det(A)I,
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that is, that

n

Z aijCk.j = det(A)d;.

j=1
For k = ¢ this is simply the cofactor expansion, while for k& # 4, the left-
hand side is the cofactor expansion for the determinant of the matrix which
is obtained from matrix A by replacing the row k with the row i (and keeping
all other rows intact). However, this new matrix has two identical rows and
therefore its determinant is 0. 0

The formula is important theoretically. However, in numerical computa-
tions, the inverse is easier to find by using the Gaussian elimination method.

Ezample 3.3.2. The inversion formula for 2 x 2 matrix:

a b7 1 [d -b

c d ad—bc |—¢c a
Ezxample 3.3.3. If a matrix A has integer entries and det A = 1, then its
inverse is also an integer matrix.

A related result is Cramer’s formula for the solution of linear equations.
Theorem 3.3.4. For an invertible matrix A, the k-th entry of the solution
of the equation Ax = b is given by the formula

. det By
T et A
where the matriz By, is obtained from A by replacing column number k of A

by the vector b.
Sketch of the proof: The solution is

1

=A% = ——
“ det A

C'b,
SO
L En Ciib
T = kY1,
b detAi:1 k

and one can identify the sum as the cofactor expansion for the determinant
of the matrix By, along the column k. O

Again, from the practical point of view, this formula is not very useful
for calculations. However, from the theoretical viewpoint, it means that the
solution of any system of equations can be written in terms of determinants.
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3.4 Block matrices and advanced properties of de-
terminant

The theory of determinants has some beautiful identities. Here are several
of them, most of which we give without proof.
Determinant of a block-diagonal matrix. Suppose A and D are
square k x k and [ x | matrices respectively, and let B is a k x [ matrix.
B
0 D which is a square (k+1) x (k+1)

matrix. (Here 0 denotes a [ x k matrix of zeros.) Then

Then we can form a block matrix [

det [O D

A B} — det(A) det(D).

Schur’s identity is a generalization of this formula. Suppose A is square

and invertible and B, C and D are such that the matrix [é D] is square,
then
A B| 1
det [C D] = det(A) det(D — CA™"B)

Silvester’s determinantal identity. Let A and B be mxn and nxm
matrices, respectively. Then

det(I, + AB) = det(I, + BA)

The Cauchy - Binet formula. The Cauchy-Binet formula allows one
to calculate the determinant of AB if A and B are not square. So, it is
a generalization of the product formula for the determinant. Suppose A is
m x n and B is n x m and assume that m < n (otherwise, it is easy to show
that det(AB) = 0. Then one has the formula:

det(AB) = Y _det(A(:, 5)) det(B(S,:))
S

where the sum is over all m-element subsets S of the set {1,...,n}, A(:,S)
is an m X m matrix whose columns are the columns of A at indices from
S, and B(S,:) is an m x m matrix whose rows are the rows of A at indices
from S.
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3.5 Exercises

Part 1.

Basics.

Ezercise 3.5.1 (Exercise 3.7.1 in Treil). 1. Determinant is only defined for
square matrices.

2. If two rows or columns of A are identical, then det A = 0.

3. If B is the matrix obtained from A by interchanging two rows (or
columns), then det B = det A.

4. If B is the matrix obtained from A by multiplying a row (column) of
A by a scalar «, then det B = det A.

5. If B is the matrix obtained from A by adding a multiple of a row to
some other row, then det B = det A.

6. The determinant of a triangular matrix is the product of its diagonal
entries.

7. det(AY) = —det(A).
8. det(AB) = det(A) det(B).
9. A matrix A is invertible if and only if det A = 0.

10. If A is an invertible matrix, then det(A~!) = 1/ det(A).

FEzercise 3.5.2 (Exercise 3.7.2 in Treil). Let A be an n x n matrix. How are
det(3A), det(—A) and det(A?) related to det A.

Ezercise 3.5.3. Use a determinant to identify all values of ¢t and k such that
the following matrix is singular (i.e., noninvertible). Assume that t and k
must be real numbers.

0 1 ¢
A=1-3 10 0
0 5 k

Ezxercise 3.5.4. Let A = [a,b,c,d] be a 4 x 4 matrix whose determinant is
equal to 2. What is the determinant of B = [d, b, 3¢, a + b]? Explain.
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Part 2.

Ezercise 3.5.5. By applying row operations to produce an upper triangular
U, compute the following determinants:

1.
2 -1 0 0
-1 2 =1 0
A= 0o -1 2 -1
0o 0 -1 2
2.
1 ¢t &
t 1 t 2
A= 22t 1t
B2 ot 1

Ezercise 3.5.6. True or false, with reason if true and counterexample if false:

1. If A and B are identical except that b;; = 2a;;, then det(B) =
2det(A).

2. The determinant is the product of the pivots in the rref(A).
3. If A is invertible and B is singular, then A + B is invertible.
4. If A is invertible and B is singular, then AB is singular.

5. The determinant of AB — BA is zero.

Part 3.

Additional Exercises.

Ezercise 3.5.7. Find the determinant of the n x n matrix A = I 4+ J where
I is the identity matrix and J is the matrix with all entries equal to 1. (In
other words, the diagonal entries of A equal 2 and off-diagonal entries are
all equal 1.)

Can you find the determinant of the n X n matrix A = tI 4+ J, that has
all diagonal entries equal to ¢ + 1 and all off-diagonal entries equal to 17
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Ezercise 3.5.8 (3.5.3 in Treil). For the n x n matrix

0 0 0 ... 0 a
-1 0 0 ... 0 a
0 -1 0 ... 0 a
A= . . . . :
0 0 0 ... 0 ano
0 0 0 ... —1 ap|

compute det(a + tI,), where I, is an n x n identity matrix. You should
get a nice expression involving ag,as,...,a,—1 and t. Row expansion and
induction is probably the best way to go.

Ezercise 3.5.9. Let D,, be the determinant of the n x n tri-diagonal matrix

1 -1 0 ... 0
11 -1 0
0 1 1 0
0 0 0 ... 1

Using cofactor expansion show that D, = D,_1 + D,_o. This yields
that the sequence D,, is the Fibonacci sequence 1,2,3,5,8,13,21,....
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Chapter 4

Eigenvalues and Eigenvectors

Reading for this Chapter: Treil, Chapter 4.

4.1 Definitions

The main goal of the theory of eigenvalues and eigenvectors is to determine
a basis in which the matrix of a transformation has the simplest possible
form.

For this theory, some knowledge of complex numbers is unavoidable.
Some basics are summarized in appendix.

Definition 4.1.1. Let A be a n x n matrix with entries in . The number
A is an eigenvalue of A if there exists a non-zero vector v € F™ such that
Av = A\v. Any such vector is called an eigenvector of an A that belongs
to eigenvalue A.

The set of all eigenvalues of a matrix A is called the spectrum of the
matrix A.

The set of all eigenvectors belonging to eigenvalue A\ (together with the
zero vector) is a linear space which is called an eigenspace. We denote it by
E\. The dimension of this eigenspace is called the geometric multiplicity
of A\, my(A) = dim E}.

It is easy to see that two equivalent conditions for A to be an eigenvalue
are

1. dimker(A — A\I) > 0,
2. det(A — AI) = 0.
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Also note that the eigenspace E) = ker(A — AI) and so it is easy to
calculate once we know that A is an eigenvalue. In particular, it is easy to
calculate the geometric multiplicity my(A) as the dimension of this space.

Then in principle one can find all eigenvalues A by noting that pa(t) =
det(A — tI) is a polynomial of the n-th degree in t, and A € F' is an eigen-
value if and only if it is a root of this polynomial. Hence, we only need to
determine all the roots of this polynomial in the field F'. In practice, this
is a difficult task if n is large, and typically one uses other methods to find
the eigenvalues, which rely on modern computer algorithms.

Definition 4.1.2. The polynomial p4(t) = det(A — tI) is called the char-
acteristic polynomial of the matrix A.

(Sometimes we will use an alternative definition pa(t) = det(tI — A)
which might differ by a sign. This definition has the benefit that then the
characteristic polynomial is always monic, that is, the coefficient before the
monomial of the largest degree, t", equals 1.)

Note that if A is a root of pa(t), then by a theorem from algebra, p4(t)
is divisible by (¢t — A\). Moreover, we can write

pa(t) =@ —=N"f), m=>1

where f(t) is a polynomial such that f(\) # 0. Then m in this representation
is called the algebraic multiplicity of A, m,()\). We will see later that
mg(A) < mq(A). They are typically the same. If for some X, mgy(A) < mq(A),
the matrix is called defective.

Ezample 4.1.3. Here is an example that the geometric and algebraic multi-
plicities of an eigenvalue can be different. Consider matrices

2 2 1
A= 2 and B = 2 1
2 2

The characteristic polynomial for both matrices is p(z) = (z — 2)3, so the
only eigenvalue is A = 2 and it has the algebraic multiplicity 3 for both
matrices. However it is easy to check that the eigenspace of A = 2 is the
whole space R? in case of matrix A, and the line spanned by the vector
e1 = (1,0,0) in case of matrix B.

The algebraic multiplicities are also easy to calculate. It can be found
either by repeated division of the polynomial p4(t) by ¢ — A or by using the
following result.
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Ezercise 4.1.4. Suppose \ is an eigenvalue of A. Show that m, () equals to
the smallest £ > 1 such that

dk
ﬁpA(t)‘t:)\ # 0

Ezample 4.1.5 (Rotation matrix). What are eigenvalues of matrix

cosf  sin 9]

Ry = [— sinf cos6

where 6 € [0, 27)
We have

—cos 0 sin 0

t
PRy (t) = det —sinf t—cosé

} = (t —cosf)? +sin 6% = t* — 2(cos O)t + 1.
The discriminant of this quadratic polynomial is D = cos?—1 < 0 and so it
has real roots only if # = Oorm, in which case they are either both 1 or both
—1, respectively. Hence in the case § = 0 the eigenvalue is 1 with algebraic
and geometric multiplicities 2, and in the case 6 = 7, the eigenvalue is —1,
with mg(—1) = mg(—1) = 2.

For other values of 0, there are no real roots, and we conclude that this
matrix has no real eigenvalues over the field R. On the other hand, the
characteristic polynomial for this matrix always has roots over field C,

A1,2 = cos +iv/1—cos20 = cos £ ising = et

where ¢ = /—1 denotes the imaginary unit. In particular, the characteristic
polynomial factorizes as

PRy (t) = (t — €?)(t + €7),

and we see that the both algebraic and geometric multiplicities are 1.
Note that this is the first time when we find that the field ' matters.

Ezample 4.1.6. Find the characteristic polynomial, eigenvalues, their mul-
tiplicities, and eigenvectors of the following matrices, considered over field

C

1 2 1 2

8 1|’|-2 1}|°
Answers: For the first example: p(t) = (t—1)2—16, \1 2 = —3,5, 71 = [1, 2],
To = [1, —Q]t.

For the second example : p(t) = (t —1)2 +4, A1 g = 1+ 2i, 21 = [1,i]},
Ty = [1, —i]t.
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4.2 Similarity and diagonalization

Suppose that a linear transformation L has matrix A in the standard basis.
Now we consider another basis vy,...,v, and B = [vy,...,v,] be a matrix
whose columns are vy, ..., v,.

We know that the linear transformation L has the matrix B~'AB in the
new basis. What happens with eigenvalues and eigenspaces?

Theorem 4.2.1. Suppose B is invertible, then A and B~'AB have the
same characteristic polynomial, eigenvalues, and algebraic and geometric
multiplicities of the eigenvalues.

In particular, we find that all of these quantities are properties of the
linear transformation represented by A rather than of the matrix itself. They
remain the same in every basis.

Proof. First we show that the characteristic polynomials are the same, by
using properties of the determinant:

pp-1ap(t) = det (21 — B~'AB) = det (B~'(t] — A)B)
= det (B™!) det(t] — A) det (B)
=det(tI — A) = pa(t).

The equality of the characteristic polynomials implies that the eigenvalues
and its algebraic multiplicities are the same for A and B~'AB.

In order to show that the geometric multiplicities agree, it is easy to
check that if E) is an eigenspace for A, then B~'E) is an eigenspace for
B~'AB corresponding to eigenvalue ), and conversely. In addition, these
subspaces are bijectively mapped on each other by the linear transformation
corresponding to B!, so they are isomorphic and have the same dimension.

O

This result has an important consequence.

Theorem 4.2.2. The algebraic multiplicity of an eigenvalue X\ is at least as
great as its geometric multiplicity, mq(X) > mg(X).

Proof. (See also exercises 4.1.7 - 4.1.9 in Treil’s book.)

Let k be the geometric multiplicity of A for matrix A, and let {vy,...,vx}
be a basis for F). Complete this basis to the full basis in F™ and let B the
matrix with the columns given by vectors vy, ..., v,.

65



Then, one has

- Vi *
A=B'AB= { K ] ,
Om—ryxk D

(Check this!) Then, by using the properties of determinant for block matri-
ces, one calculates the characteristic polynomial

pi = det(zI, — A) = det(zl, — M},) det(zl,— — D)
= (z =N *pp(N).
Therefore the algebraic multiplicity of A as eigenvalue of A is at least k.
Since A is similar to A, it has the same algebraic multiplicity for A\ as A,
and so mg(A) =k < mg(A). O
Diagonalization

The importance of eigenvectors and eigenvalues stems from the following
observation. Suppose that we have a basis @x1,...,x, of C™ that consists
from eigenvectors of matrix A. Then we have

A r1 Xy ... Lp| = )\1331 )\2%2 . )\n:cn
| ] | A0 0
= |z =9 x, 0 X 01,

| ] | 0 O An

or
AX = XA,

where X is the matrix with columns z1, ..., ,, and A is the diagonal matrix
with diagonal entries equal to eigenvalues A1, ..., A\,. Since x1,...,x, is a

basis, the matrix X is full rank and therefore, it is invertible. So,
A=XAX"1,

This factorization of matrix A is called the eigenvalue diagonalization of
matrix A.
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Ezample 4.2.3. For matrices from Example , we have:
1 2] [t 1] o]ft 11"
8 1| |2 —2|/|0 =3| |2 —2| ~
1 2] 1 o1)[1+2 o J[1 11"
-2 1| |i —i 0 1—2i| |i —i|

Intuitively, in the basis of eigenvectors, the linear transformation A looks
as a stretch in the directions given by eigenvectors by factors given by the
eigenvalues.

Of course, a rotation is difficult to imagine like a stretch transformation.
Indeed, the eigenvalue diagonalization of a rotation matrix is impossible over
the real numbers, since there are no real eigenvectors. However, it is possible
over the complex numbers.

However, even over complex numbers, the diagonalization is not always
possible. This bad situation occurs if there are not enough eigenvectors
to form a basis. So, our next task is to study when the diagonalization is
possible.

Theorem 4.2.4. An n x n matriz A is diagonalizable if and only if it is
non-defective, that is, if for every eigenvalue X € o(A), mg(X) = mqa(N).

Sketch of the proof of Theorem . If matrix A is diagonalizable then A =
XAX™! so it is similar to a diagonal matrix A and hence has same eigen-
values with same multiplicities. It is easy to check that a diagonal matrix is
non-defective, so A is non-defective and the same holds for A.

In the converse direction, assume that the matrix A is non-defective.
Then the dimension of each eigenspace equals to the algebraic multiplicity
of the corresponding eigenvalue. Hence the sum of the dimensions of these
eigenspaces equals n. If we choose a basis in each of these eigenspaces, and
combine the bases together then we obtain the set of n linearly independent
eigenvectors [This is the place where a more accurate argument is needed.]
If these m independent eigenvectors are formed into the columns of a matrix

X, then X is nonsingular and we have A = XAX L. O
Lemma 4.2.5. Let Ay, ..., A\ be some distinct eigenvalues of A and u; € E,
for everyi=1,.... k. Then ui + ...+ ux = 0 implies that uy =uo = ... =
U = 0.

Remark. We will see later that the claim of this lemma means that the
sum Fy, + ...+ E), is direct.

67



Proof. The claim is obviously holds for K = 1. Suppose that we can find
k > 2 for which the claim of the lemma is false. Take the smallest of these k.
Then we can find k eigenvalues of A and u; € E), such that u;+...+u; =0
and all of u; # 0. (Otherwise we could remove the zero u; and get a smaller
k.) Then Au; + ...Aur = 0 which means that Aju; + ... + A\gugp = 0.
Multiply the first equality by A; and subtract it from the second. We get

()\2 — )\1)’&2 —+ ...+ ()\k — Al)uk =0.

However the vectors @; = (A\;j — A1)u; € E), and they are all non-zero.
Hence, the claim of the lemma fails for £ — 1 vectors in contradiction to the
assumption that & was the smallest number of such vectors. This contra-
diction proves the lemma. O

FExercise 4.2.6. By using Lemma , show that if Aq,..., \; are distinct
eigenvalues of A and B; is a basis in E), then the vectors in Ule B; are
linearly independent. Show that this result completes the argument in the

proof of Theorem .

The condition in the theorem can be checked by calculating the multi-
plicities for each eigenvalue. Indeed, mg,(\) = dimker(A — AI) and mq ()
can be calculated from the characteristic polynomial. Verification that the
matrix is non-defective usually takes some time. A simpler sufficient condi-
tion for diagonalizability is that all eigenvalues are distinct.

Theorem 4.2.7. If n x n matrix A has n distinct eigenvalues then A is
diagonalizable.

Proof. This theorem is a direct consequence of Theorem , since the
condition implies that mq(A\) = 1 for each X and we know that 1 < mgy(\) <
mq(A) by Theorem . O

What happens if a matrix is non-diagonalizable? We will discuss it in
the next section. Briefly, in this case it is possible to show that there is a
matrix X such that X "'AX has a Jordan form. In this form the matrix is
block-diagonal and every block has the form

(The block can be 1 x 1 with only X inside it.)
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4.3 The determinant and trace of A and eigenval-
ues

Theorem 4.3.1. The determinant and the trace of a matrix A are equal
to the product and the sum of the eigenvalues of A, respectively, where the
etgenvalues are enter the product and sum with their algebraic multiplicities.

Proof. For the determinant we evaluate the characteristic polynomial at
t=0,

pa(0)= [ (Ai—0)m®) =det(A—0x1T)=det(A).
Ai€o(A)

For the trace, use the combinatorial definition of the determinant to see
that

n

pa(t) det(t] — A) = [t — ai) + g(t),

=1

where the degree of polynomial g(t) is < n—2 (verify it by using the cofactor
expansion along the first column!). Then we have

pa(t) =t" — (i%)tnl ...,

i=1

where the remainder has degree < n — 2.
On the other hand, expanding

n n

pat) =t =x)=t"- (ZAZ)+

1=1 i=1

we find that > | A =" a5 = tr A.

4.4 Functions of matrices

If a matrix is not defective, then we have enough linearly independent eigen-
vectors x1,...,x, to build a full-rank square matrix X = [z1,x2,...,Zy].
Then we have the diagonalization formula:

A=XAX"1,
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where A is the diagonal matrix with the eigenvalues on the main diagonal.
This formula can be useful to compute functions of matrix A. For ex-

ample if we want to calculate the k-th power of matrix A, A*, then this
formula gives us:

Moo ..o
AF=XAPXP=X |0 M 0xt
0 0 ... Ak

Similarly, if we have a polynomial p(z) = Zé(:o 2", then
K p(A1) 0 0
p(A) = A  =XpM)X'=X| 0 plo) ... 0 |[X!
k=0 0 0 ... p(A\n)

More generally, this formula is valid for convergent power series and for all
functions that can be written as convergent power series. For example,

K A

1 eq 0 ... 0
eA-:ZHA’f:XeAX*:X 0 e ... 0|X!
k=0 """ 0 0 ... e

Even more generally, this construction can be extended to all functions

that can be approximated by polynomials, so eventually we get a very wide
class of all measurable functions.

Example 4.4.1. Let
4 3
=)

The characteristic polynomial is p(z)

Find A?°22 by diagonalizing A.

=(z—4)(z—-2)—3=2%—6z+
5= (2 —1)(z — 5). So, the eigenvalues are 1 and 5 and the corresponding
eigenvectors are [1,—1]" and [3,1]’. So the diagonalization is

L[5 0] oy
aex) T

where



It follows that

A2022:} 3 1][5%%2 o]t 1
411 -1 0 1|1 -3

_ } |:3 1 :| |:52022 52022] _ 1 |:3 X 52022 +1 3x 52022 -3
4

41 -1 1 -3 52022 _ | 52022 4 3
~ 520221 3 3
411 1|°

Note that we got a matrix with the columns which are very close to a multiple
of the eigenvector of the largest eigenvalue 5. This observations generalizes
to other matrices (under some condition) and can be used to find the largest
eigenvalue of a matrix. (Or rather, the eigenvalue with the largest absolute
value.)

4.5 Applications

4.5.1 Difference equations

Reading: Section 5.3 in Strang’s book
A one-dimensional difference equation has the form
Tp = C1Tp—1+ C2Tp—2 + ... + CkTn—k

Here x,, is a sequence of numbers. We are given some initial conditions
Tg—1,Tk—2 - T0 OF T, T—1, ..., T_(,—1) and look to find what is the behavior
of x,, for large n.

This equation can be written as the matrix equation if we introduce

k-vectors z(") = [Tny Tn—1,y. .., Tn_k+1]" and matrix
Cl1 €9 . Cl
1 0 0...0 O
A=1]10 1 0...0 0
0O 0 1...0 O
0O 0 0...1 0

Then we can write the difference equation in the form

2™ = Az, (4.1)
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The solution of this equation is z(®) = A%2(9). Hence if we want to know
the behavior of the sequence x,, for large n we need to know the behavior
of powers of the matrix A%.

If we can diagonalize the matrix A then we have

A=XAX"1,
A® = XASX (4.2)

If we know both A and the matrix of eigenvectors X we can write an explicit
formula for (™. In fact, we often don’t need to calculate the matrix X
because formula (4.2) implies that we can write the solution as

k
Tn =Y @A}, (4.3)
=1

where \; are eigenvalues of matrix A and a; are some coefficients which can
be calculated from the initial conditions.

In addition, this formula often allows us to find the asymptotic behavior
of z,,. Suppose A1 is an eigenvalue of A that has the largest absolute value:
IA1] > || > |A3] > ... > |Ag|. If in addition, we assume that a; # 0, then
we have z, ~ a;AT. In particular, if |A;| < 1 then the sequence declines to
zero, and if [A1] > 1 then the sequence grows unboundedly.

Remark: It can be proved that the characteristic polynomial of A is

pa(z) =2F —c 2 — L — i1z — o, (4.4)
so the eigenvalues of A are roots of this polynomial, and our method is
found to be equivalent to a popular method of solving difference equations.
Namely, solve the characteristic equation (@) and then find the coefficients
in (@;, from the initial conditions.

Many other dynamic problems in biology, engineering and physics can
be cast in the form (@) with z(¥) that describe the state of a system at time
k, and A that describe the evolution of the state. In this case, the stability
of the system depends on the size of the eigenvalue with the largest absolute
value.

Ezample 4.5.1 (Fibonacci numbers). A classic example for this concept is
the Fibonacci numbers, which are defined by the relation:

Fn: n71+Fn72-
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and the initial condition F; = F» = 1. Then we can define vector f,, =
(Fpy1, F)t, with £y = (1,0)%, and

11
=l

T xRl 0] Al
=111 lo a1 1]

where A; = (1 4+ +/5)/2 and Ao = (1 — +/5)/2 are eigenvalues of matrix A.

Then,
-1
A" = A1 Ao )\? 0 Al Ao
1 1 0 A1 1 ’

One can use this formula to calculate F,. Alternatively, we can note that
this formula implies that F,, = aA\!4+bA3, where a and b are some coefficients
that do not depend on n. We can find a and b from equations Fyp = a + b
and F1 = a\; + bAe. The advantage of this method is that we do not need

to calculate the matrix of eigenvectors X and the inverse matrix X 1.
After some calculation, we can get:

P, = %(A’f—)@).

Since |A1| > |A2] we find that

1
o~ —=(
V5
For example, F3y = 832,040 and the right hand side is 832,040 + 2.4063 x
1077,

NG
1+2 5>

4.5.2 Linear differential equations

See Strang 5.4.

If we have a system of linear differential equations a/(t) = Ax(t), where
x is a vector with k components, when diagonalization of A decouples this
system of equation. We get the formula: /() = SAS™ x(t), where A is the
diagonal matrix with eigenvalues of A on the main diagonal.

Let u(t) = S~!z(t). Each equation in the resulting system has the
form w/(t) = M\u;(t) so its solution is u;(t) = e*'u;(0). In vector form:
u(t) = eMu(0).
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Therefore, the solution of the original system is
z(t) = SeMS12(0) = ex(0).

The differential equations of higher order can be solved by a similar
approach by first converting them to a system of equations.
For example, if we have a system:

y' =y + ey,

then we can convert it to a system by setting z1(t) = y(t) and x2(t) = v/ (t).
Then we have

21(t) = 2(t)
xh(t) = coz1(t) + c1aa(t),

or in matrix form

0 1
Cy C1

7' (t) = [ } x(t)

It turns out that diagonalization of the matrix A in this case equivalent
to the standard method of solving these equations: find the roots of the
polynomial 22 — ¢;z — ¢o = 0. If the roots are A\; and Ay then the general
solution is

At Aot

y(t) = are™’ + age™?’,

and the coefficients a1 and as can be found by fitting the initial conditions

y(0) and y(1).

4.6 Exercises

Basics

Ezercise 4.6.1 (4.1.1 in Treil). True or false:

a) Every linear operator in an n-dimensional vector space has n distinct
eigenvalues;

b) If a matrix has one eigenvector, it has infinitely many eigenvectors;

c¢) There exists a square real matrix with no real eigenvalues;
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d) There exists a square real matrix with no (complex) eigenvectors;
e) Similar matrices always have the same eigenvalues;

A non-zero sum of two eigenvectors of a matrix A is always an eigenvector;

)
)
f) Similar matrices always have the same eigenvectors;
g)
)

h) A non-zero sum of two eigenvectors of a matrix A corresponding to the

same eigenvalue )\ is always an eigenvector.

FEzercise 4.6.2 (4.2.1 in Treil).

Let A be n x n matrix. True or false:
a) A! has the same eigenvalues as A.
b) A? has the same eigenvectors as A.
c) If A is diagonalizable, then so is A’.
Justify your conclusions.
2 -3 -2 3

the following calculations by hand. (The second matrix involves calculations
with complex numbers.)

Ezercise 4.6.3. Consider the 2 x 2 matrices A = [4 _5} A= [ 1 5] . Do

a. Calculate the eigenvalues of A.

b. If possible, construct matrices P and C such that A = PCP~!, where C
is diagonal.

Ezercise 4.6.4 (4.1.2 in Treil). Find characteristic polynomial, eigenvalues
and eigenvectors of the following matrix:

1 3 3
-3 =5 -3
3 3 1

Write this matrix as A = PCP~! with a diagonal C, if possible.
Ezercise 4.6.5 (4.2.7 in Treil). Diagonalize the matrix

2 0
0 2
0 0

SISO
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Ezercise 4.6.6 (4.1.4 in Treil). Compute characteristic polynomials and eigen-
values of the following matrix:

— N
W k= W o
—_ 0 O O
_ o O O

Do not expand the characteristic polynomials, leave them as products.

Exercise 4.6.7. a. If A2 = I, what are possible eigenvalues of A?
b. If this A is 2 x 2 and not I or —1, find its trace and determinant.

c. If the first row of this matrix is (3, —1), what is the second row?

Exercise 4.6.8. (a) A 2 x 2 matrix A satisfies tr(42) = 5 and tr(4) = 3
(where tr(X) denotes the trace of X). Find det(A).

(b) A 2 x 2 matrix A has two proportional columns and tr(4) = 5. Find
tr(A?).

(¢c) A 2x2 matrix A has det(A) = 5 and positive integer eigenvalues. What
is the trace of A?

Additional:

Ezercise 4.6.9. For each of the following statements, prove that it is true
or give an example to show it is false. Throughout, A is a complex m x m
matrix unless otherwise indicated.

a. If A is an eigenvalue of A and p € C, then A —p is an eigenvalue of A—pul.
b. If A is real and A is an eigenvalue of A, then so is —A\.
c. If A is real and )\ is an eigenvalue of A, then so is \.

d. If X is an eigenvalue of A and A is non-singular, then A\~! is an eigenvalue
of A1,

e. If all the eigenvalues of A are zero, then A = 0.
f. If A is diagonalizable and all its eigenvalues are equal, then A is diagonal.
g. If A is invertible and diagonalizable, then A~! is diagonalizable.

h. Matrices A and A? have the same eigenvalues.
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Proofs:

FEzercise 4.6.10 (4.1.6. in Treil). An operator (i.e., a linear map) A is called
nilpotent if A¥ = 0 for some k. Prove that if A is nilpotent, then o(A) =
{0} (i.e. that 0 is the only eigenvalue of A). Prove that a non-zero nilpotent
A cannot be diagonalizable.

Ezercise 4.6.11. =
Suppose A and B are square and A is invertible. Prove that AB and
BA have the same eigenvalues.

Exercises 4.1.7 - 4.1.9 in Treil. (These are the details for the proof of the
result that the algebraic multiplicity > the geometric multiplicity for every
eigenvalue.)

Applications:

Exercise 4.6.12. Suppose each “Gibonacci” number Gy is the average of
the two previous numbers Gi11 and Gi. Then Gp o = %(qurl + Gg). In
matrix form this can be written as

[Gk+2] 4 [Gkﬂ}
Gri1 Gr |’

a. Find the eigenvalues and eigenvectors of A.
b. Find the limit of the matrices A™ as n — oo.

c. If Go = 0 and G; = 1, which number do the Gibonacci numbers ap-
proach?

4.7 Appendix: Complex numbers

Complex number is a pair of real numbers (z,y). So, it is essentially a
vector in R?. The addition of complex numbers is the addition of vectors.
However, the wonderful fact is that there is also a multiplication operation.
This operation has no analogue for vectors in R" for general n.

It is easier to remember this operation, if we write complex numbers as
z = x + 1y, in which case the product of two complex number is defined as
2129 := 2122 —Y1y2 +i(z1y2 +x2y1). This is the same as if we thought about
i as a special kind of number with property i = —1.

It turns out that this operation is associative and commutative and sat-
isfies the distributive law with respect to the addition.
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Formally, we converted the linear space R? to a commutative algebra
over R.

One important new operation is that of conjugation: x4+ iy = x — iy.
Note that 2Z = 22 4+ y? = ||2||?. In the context of complex numbers, | z|| is
called the absolute value, or the modulus of z.

Since we have multiplication and addition, we can define polynomials and
power series using complex numbers. The convergence for series is defined
using the norm in R2. In particular, we can define the exponential function
e” as the convergent series > po 2% /kl =1+ 2+ 2%/2! + .. .. This function
preserves the important property of the standard exponential function:

el TR2 — %122
In particular, e**% = e%e¢®. In addition, directly from definition of e?,
we can obtain

e = cosy +isiny.
Therefore,
e* T = e%(cosy + isiny).

This formula allows us to give a geometric meaning to the product opera-
tion. For this we need to represent the vector z = (z,y) in polar coordinates
as (rcosa,rsina). Here r = /22 +y? = ||z||, and « is called the argu-
ment of z.

Then, z = z + iy = e If we have another complex number
2 =1 4y = el°8”' i then the addition formula for the exponential gives
us:

log r+ia

2y — elogr+logr’+i(a+a’) _ TT’ei(oH_al).
In other words, when we multiply z and 2/, their absolute values are multi-
plied, and their arguments are added.

The fundamental theorem of algebra says that every equation of degree
n (with coefficient in real or complex numbers) has at least one solution in
complex numbers. This can be strengthened to the statement that it has
exactly n solutions if we count the solutions with multiplicities. The proof

of this remarkable theorem is quite non-trivial.
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Chapter 5

Jordan Canonical Form

Reading:
Axler: Chapter 8
Treil: Chapter 9

5.1 Invariant subspaces

Definition 5.1.1. Let L : V — V be a linear map. A subspace E C V is
called an invariant subspace of L (an L-invariant subspace) if LE C E,
that is, if Lv € E for all v € E.

We often fix a basis and identify the linear transformation L with its
matrix A. Then we say that E is an A-invariant subspace.

It is easy to check that if F is an L-invariant subspace, then F is an
invariant subspace for every polynomial p(L).

Ezample 5.1.2. Of course V is L-invariant. Then any sum of L-invariant
subspaces is L invariant. Any intersection of L-invariant subspaces is L-
invariant.

Ezample 5.1.3. Suppose L has an eigenvalue A with eigenspace Fy. Then
E) is an L-invariant subspace.

We define a restriction of L to its invariant subspace E as L|g. If we
have V = F1 & ... ® F;, and all E; are L-invariant, then we can choose a
basis B; in each of them and the union of these bases gives a basis B of V/
by Theorem . If A; is a matrix of L|g, in basis B;, then the matrix of

79



L in basis B has the following block-diagonal form.

A 0 ... 0
0 A 0
A=10 0 0
o 0 ... A

In this case we sometimes write [A] = [A1]®. . .®[A:] or A = diag(Ay, ..., Ay).

Ezxample 5.1.4. If the matrix is diagonalizable, then we can put the matrix
in diagonal form and than we have [A] = [A1] @ ... @ [Ag] where k is the
number of distinct eigenvalues and every matrix A; is a diagonal matrix

N0 ...0
0 A ... 0

A=10 0 01,
0 0 i

where A; is d; X d; and d; is the geometric multiplicity of A;, that is, the
dimension of the corresponding eigenspace. In particular, each [A4;] = [A;] ®
.. @ [N\i], where the sum have d; summands.

In the non-diagonalizable case, V is larger than the sum of eigenspaces
so we have to look for other invariant spaces, and in this case the matrices
A; may be more complicated.

Our first task is to look for smallest invariant spaces, so as to make sizes
of the blocks A; as small as possible, and the second task is to make the
matrices A; as simple as possible. In the next section we address the first
task.

5.2 Generalized eigenspaces

The main reason why we are not always can diagonalize a matrix is that
induction does not work. Even though an eigenspace E) is always an A-
invariant subspace, we cannot find a complementary A-invariant subspace
W so that R™ = E)\ @ W. (If we could, we would restrict to this smaller
subspace W and be done by induction.)This problem boils down to the
following issue:

We know from the rank nullity theorem that if L : V — V| then

dimker L + dimrange L = dim V,
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so it is tempting to guess that V' = ker L @ range L. This would be excellent
because range L is L-invariant. [why?] However, in general this is not true.

FExercise 5.2.1. Let L has matrix
0 1
A= [O 0] .
Show that V # ker L @ range L.

However, a weaker statement is valid.

Theorem 5.2.2. Let L :V — V', and suppose, for some k > 1,
ker L1 = ker L*,
then
V = ker L* @ range L*.
Exercise 5.2.3. Show that
ker L C ker L? C ker L C ...

Exercise 5.2.4. Show that if ker L**! = ker L*, then ker L+ = ker L™ =
ker L* for all m > k.

Exercise 5.2.5. Let dim V = n. Show that ker L™ = ker L™*!. In particular,
the condition of the theorem is always satisfied for some k < n.

(If you have difficulties, see Axler, Propositions 8A1 - 3.)

Proof. First we show that the intersection is empty. Suppose v € ker L*¥ N
range(L¥), then we have L¥v = 0 and v = L*u for some u, which means
L%y = 0. Since 2k > k and so ker L% = ker L*, we have LFu = 0. But
v = L*usov=0.

Hence ker(L¥) + range(L*) C V is a direct sum and its dimension is
dimker(LF) 4+ dimrange(LF) = dim V by the property of direct sums and
the rank-nullity theorem. This implies that

ker(L¥) @ range(L*) = V.

This theorem motivates the definition of generalized eigenspaces.
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Definition 5.2.6. Let L : V' — V be a linear transformation. A non-zero
vector v is called a generalized eigenvector of L for an eigenvalue A if
(L — A\I)* =0 for some k > 1.

Note that (L — AI)*v = 0 for a non-zero v only can happen if (L — \I)¥
is singular, which can only happen if L — Al is singular, so A indeed must
be an eigenvalue.

The collection of all generalized eigenvectors belonging to the eigenvalue
A (together with the zero vector) is called the generalized eigenspace
E\. It is indeed a vector subspace of V' and moreover, it is an L-invariant
subspace. Indeed, if v € E), then (L — M)*v = 0, and (L — M)*Lv =
L(L — X)*v =0, so Lv € Ej.

Let o(L) denote the set of all eigenvalues of L. Our goal is to prove the
following result.

Theorem 5.2.7. Let L : V. — V be a linear transformation over field C
and o(L) = {\1,..., A} denote the set of all eigenvalues of L. Then

V= @ Ey,.
i=1

It is important here that the matrix is over the field of complex numbers
C.

In order to prove this theorem, we need some auxiliary results. The
crucial advantage of the generalized eigenvectors over the regular eigenvector
is that there are sufficiently many of them to span the whole space.

Lemma 5.2.8. Let L : V — V be a linear transformation over C. There is
a basis of V' that consists of generalized eigenvectors of L.

Proof. The proof is by induction over the dimension of the space n. For
n = 1 the result is true since any non-zero vector is an eigenvector. Suppose
that n > 2 and that L has an eigenvalue A (which holds because the field is
algebraically closed so the characteristic polynomial has a root). Then, by
Lemma and Ex. , we have:

V =ker(L — AI)" @ range(L — A\I)"

Note that we have a basis of generalized eigenvectors in ker(L—\I)" because
this space consists of the generalized eigenvectors corresponding to A, so any
basis will work.

82



For range(L — AI)™ note that this is an L-invariant subspace. Indeed,
if v € range(L — AI)"™, then by definition v = (L — Al)"u. Then Lv =
(L — AI)"(Lu) so Lv is also in the range of (L — AI)™. It follows that
we can restrict L to range(L — AI)". In addition dimrange(L — AI)" =
n—dimker(L—AI)™ < n by the rank-nullity theorem and the definition of the
eigenvalue. Hence, we can apply the induction hypothesis and conclude that
there is a basis of range(L —\I)™ that consists of the generalized eigenvectors
of L. Combining the bases of ker(L — AI)"™ and range(L — AI)™ and applying
Theorem , we get the claim of the lemma. O

Lemma 5.2.9. If A # u are eigenvalues of L, then Ex N E,, = {0}.

Proof. Suppose a non-zero v € ExNE,, and (L—X)*v = 0, (L —pI)™v = 0.
Assume that m is the smallest m > 1 with this property. Write

0= (L—-X)fv=(L—pul+ (u—NDkv
ko . .
= Z (z) (1w — YL — ).
=0
By applying (L — uI)™ ! on both sides, we find that

0= (pu—N(L—pul)™ to.

Since (L — pI)™ v # 0 by assumption, we find that p = A, as desired. [

Lemma 5.2.10. Let vy,...,v, are generalized eigenvectors corresponding
to eigenvalues A1, . .., Ay, which are all distinct. Then vy, ..., v, are linearly
independent.

Proof. The result is true for m = 1. Suppose it is false for some m > 2
and choose the smallest m, for which it is false. Then we have non-zero
ai, ..., 0y, such that

aivy + ...+ amvy, = 0.

(They are non-zero by minimality of m.) Let (L — Ap,I)*v,, = 0, and apply
(L — AmI)* to the equation above. Then we get

ar(L = A DFvr + .+ a1 (L — A D)*vp 1 = 0,

aiwi + ...+ am—1Wpm—1 =0,
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where w; := (L — ApI)*v;. None of w; is zero because of Lemma
and therefore wj; is a generalized eigenvector corresponding to eigenvalue \;.
Indeed, if (L — A\;)*v; = 0, then

(L — ND)¥iw; = (L — IR (A = M\ D)Pv; = (L — A\ DR (L — N I)Fiw; = 0.
However, then we have a contradiction with minimality of m. O

Now we can prove Theorem .

Proof. First we want to show that the sum E), 4-...4 E), is direct. Indeed,
suppose that u; + ...+ u, = 0 for u; € E),. Then all v; = 0 by Lemma
ﬁ This shows that the sum is direct.

Now we want to show that every vector in V' belongs to this sum. This
follows from Lemma . ]

5.3 Jordan canonical form

Theorem shows that we can find a basis in which the matrix for L has
the block-diagonal form

A0 0
0 Ay ... 0

A=|0 0 ... 0 (5.1)
0 0 A,

where A; is the matrix of the restricted linear map L] 7, - We know that

(L — X\I)™ = 0 for every v € EAw hence A; — AI is a nilpotent matrix,
(A; = NI)™ = 0.

There is a well developed theory of nilpotent matrices (and the corre-
sponding nilpotent operators), which we prefer not to develop for the con-
siderations of time. We only formulate its final conclusion.

Definition 5.3.1. Let L : V — V be a linear map over C. A basis of V
is called a Jordan basis for L if in this basis the matrix of L has a block-
diagonal form (p.1]), in which each A; is an upper triangular matrix of the
form

Ao 10 0
0o N 1 0
Ai=10 0 N 0
0 0 Ai
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Matrices A; are often called Jordan blocks or Jordan cells. If we
denote A; by J(\;, ki) where d; is the size of the square matrix A;, then we
can write A as a direct sum of J(\;, d;).

Theorem 5.3.2 (The existence of Jordan form). Let L : V — V be a linear
transformation over C. Then there is a basis of V which is a Jordan basis

for L.

We skip the proof of this theorem. See, however, Example , which
gives some idea on how one can calculate the Jordan basis.

Also note that the elements of the Jordan basis are generalized eigen-
vectors so that the decomposition in Jordan blocks agrees with the decom-
position in the blocks of L g, that we derived in Theorem .

Ezample 5.3.3. Here is an example of a linear transformation with the matrix
in a Jordan basis.

30
0310
31
30
02 1
2 1
A= 2 1
2
02 1
2
021
2
[J(3,1)
J(3,3)
= J(2,4)
J(2,2)
J(2,2)

UGB @J(3.3) 8 J2,4) ® J(2,2) @ J(2,2).

The sizes of the Jordan cells J(\;, d;) have to satisfy certain restrictions.
The following is a list of properties.

i i i i alAi)-
(i) For a given \;, the sum of d; equals m,(\;)
(Since the sum of these d; is the dimension of the generalized eigenspace,
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dim IE,\“ this property says mgq();) = dim I~E,\Z.. This dimension equals
dimker(L — A\ I)™ [why?], so this property gives us an ability to cal-
culate the algebraic multiplicity without calculating the characteristic
polynomial).

In the example, we have m,(3) = 14+3 =4 and m,(2) =4+2+2 =38,

(ii) The number of cells with a given A; equals my(A;). [Why?] In the
example my(3) = 2, my(2) = 3.

(iii) If s; = max{di,...dy} (where di,...,dy,, are the dimensions of the
Jordan blocks for a given eigenvalue );), then the polynomial

q(t) = (= A)* o (E =A™,

has the property that ¢(L) = 0.

In our example s; = 3 and sy = 4, so the polynomial q(t) = (t—3)3(¢t —
2)4.

Ezercise 5.3.4. Prove these properties.

In fact, the polynomial defined in (iii) is the minimal non-zero poly-
nomial p(t) with the property p(L) = 0: every other polynomial with this
property must be divisible by ¢(¢). It can be proved that this polynomial is
unique if we require that the coefficient before the highest power is 1 and
we can make the following definition.

Definition 5.3.5. ¢(t) = (t — A\)®' ... (¢t — Ay)® is called the minimal
polynomial of L.

Note that ¢(t) divides the characteristic polynomial p4(¢) and in partic-
ular p4(L) = 0. This is called the Cayley—Hamilton theorem.

Now suppose an n X n matrix A has just one eigenvalue A. What are
possible Jordan decompositions of A up to a permutation of blocks? How
does the answer change if we know that the minimal polynomial for A is
(t — A)™? It turns out that the answer can be written in terms of integer
partitions of n. The requirement on the degree of the minimal polynomial
corresponds to the requirement that each part of the partition does not
exceed m and at least one of them equals m.

Ezxample 5.3.6. Suppose a 5 x 5 matrix A has the only eigenvalue \ = 2,
and the minimal polynomial is (¢ — 2)3. In this case the size of the Jordan
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blocks in the Jordan form for A cannot exceed m = 3 and at least one of
the blocks must have this size. The only possibly Jordan blocks are

9 1 2 1 0
J(2,1) = [2],J(2,2) = B = cand J(2,3)=C= [0 2 1
0 2 0 0 2

Hence the only allowed partitions of 5 are 3+ 2 and 34+ 1+ 1, and they
correspond to the Jordan forms diag(C, B) and diag(C, 2, 2).

The geometric multiplicities of A = 2 for these forms are mg4(2) = 2 (two
blocks) for the first form and mg,(2) = 3 (three blocks) for the second form.
The algebraic multiplicity is of course m,(2) = 5 in both cases.

Given a linear operator L or its matrix A, how do we compute its Jordan
canonical corm and the basis for this form? There are some algorithms for
doing this, however, we will only consider some simple examples.

Example 5.3.7. Let

1 11
A=|0 1 1
0 01
Find the characteristic and minimal polynomials for this matrix and its

Jordan form.

Clearly the characteristic polynomial is pa(t) = (t — 1)3. Then we can
calculate the ker(A — I):

011 1
ker(A—1I)=ker |0 0 1 :< 0 >

0 00 0

So mg(1) =1 and there is only one Jordan cell, which must be

110
J(1,3)=10 1 1
00 1

This means that the minimal polynomial is ¢(¢) = (t —1)3. (Here the degree
3 is the dimension in J(1, 3).)
Ezxample 5.3.8. Let
3 1 =2
A=1|-1 0 5
-1 -1 4

Find the Jordan canonical form and Jordan basis for A.
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The characteristic polynomial can be calculated as

pa(t) = —(t = 3)(t — 2)°.

Since the multiplicity of t — 3 is 1, it corresponds to the Jordan block J(3,1).
For A\ = 2 we can check that dimker(A — 2I) = 1. Hence the geometric
multiplicity of A = 2 is 1 and there is only one Jordan cell. We can infer
that this Jordan block must be J(2,2). Hence the Jordan canonical form is

300
A=10 2 1
00 2

The first vector in the Jordan basis is an eigenvector of A corresponding to
A = 3. For example, we can take

—1
v =
1

The third vector is an eigenvector corresponding to A = 2 and we can take

1
vy = -3 .
__1_.

Finally, to find the second vector of the Jordan basis, vo, we note that it
satisfies equation Avy = 2v5 + v3. Hence we only need to solve the system
(A —2I)vy = v3. A solution is

1
Vg = -2
0

Here a consequence of Theorem which is useful in applications.

Corollary 5.3.9. Any operator L : V. — V over C can be represented as
L =D+ N, where D is diagonalizable (i.e. diagonal in some basis) and N
is nilpotent (N™ =0 for some m), and DN = ND.

The first part follows directly by the existence of Jordan form. The
commutativity of D and N can be checked at every E) separately, because
these are L-invariant subspaces, and there D = AI and therefore commute
with any operator.
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Without any proof we mention that this result is very helpful when one
calculate the functions of L for operators L which are not diagonalizable.
In this case one only needs to write the Taylor series for f(D + N) around
D and note that these series are finite because N¥ = 0 for k& > m:

Sy N
_ k v

where £ is the k-th derivative of matrix and it is easy to calculate f*)(D)
because D is a diagonal matrix.
For example, if f(z) = e®, then we have:

5.4 Exercises

The exercises with (s=) have a hint at the end of Lecture Notes.
Ezercise 5.4.1. True or false:

(a) Eigenvectors of a linear operator T' are also generalized eigenvectors of
T.

(b) It is possible for a generalized eigenvector of a linear operator T' to
correspond to a scalar that is not an eigenvalue of T

(c) Let T be a linear operator on an n-dimensional vector space over C.
Then, for any eigenvalue \; of T, E, = ker(T — \I)".
Proofs:

Ezxercise 5.4.2 (8A.1 in Axler). Suppose T' € L(V), i.e. T is a linear map
from V to V. Prove that if dimker7* = 8 and dimker7® = 9, then
dimkerT =9 for all integers > 5.

Ezercise 5.4.3 (8A.2 in Axler). Suppose T' € L(V'), m is a positive integer,
v eV and T v # 0 but T™v = 0. Prove that {v, Tv, T?v,...,T™ v} is
linearly independent.

Ezercise 5.4.4 (8A.3 in Axler). Suppose T' € L(V). Prove that

V =kerT @ rangeT <= ker T? = ker T
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FEzxercise 5.4.5. True or False:

1. Any linear operator on a finite-dimensional vector space has a Jordan
canonical form.

2. Any linear operator on a finite-dimensional vector space over C has a
Jordan canonical form.

3. Let T be a linear operator on a finite-dimensional vector space over C,
and let A1,..., A\x be the distinct eigenvalues of T'. If, for each ¢, B;, is

a basis for Fy,, then By U...U By, is a Jordan basis for T

Erercise 5.4.6 (8B.12 in Axler). Give an example of an operator on C*,
whose characteristic polynomial equals (z — 1)(z — 5)% and whose minimal
polynomial equals (z — 1)(z — 5)2

Erercise 5.4.7 (8B.13 in Axler). Give an example of an operator on C* whose
characteristic and minimal polynomials are both equal z(z — 1)?(z — 3).

Ezercise 5.4.8. Let T be the linear operator on P»[t] (polynomials of degree
< 2) defined by T'(g(z)) = —g(x) — ¢’(z). Find a Jordan canonical form of
T and a Jordan basis for T'.

FEzxercise 5.4.9. Find a Jordan canonical form for

1 0
2 0
0 3 O
1 3

S O O N

Proofs:
FEzercise 5.4.10. [8B.4 in Axler| (s)

Suppose T € LV, n = dim(V) > 2, and ker 7" 2 # kerT"~!. Prove
that T has at most two distinct eigenvalues.
Ezercise 5.4.11. [8B.5 in Axler](s=)

Suppose T' € LV, n = dim(V) > 2, and 3 and 8 are eigenvalues of T'.
Prove that V = (ker T"~2) @ (range T"2)
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Chapter 6

Inner Product Spaces

Reading: Treil, Chapter 5.

6.1 Inner products

In geometry we have the concept of orthogonality of lines and planes and
we have the concepts of length. These two concepts are related through the
Pythagorean theorem. Linear algebra captures these concepts by defining
the inner product between vectors. As length of a vector can be larger or
smaller, we need an order on the numbers which we use. This forces us to
restrict attention to vector spaces over the field of complex numbers and or
over its subfields such as Q or R.

First, let us start with two motivating example. Then, we will go to the
general definition of the inner product.

Definition 6.1.1. A dot product of z,y € V = R" is a function V xV — R
defined by
Ty =2 4. T = Ty =yl (6.1)

The dot product of the vector x with itself is the generalization of the
square of the length in R3. The Euclidean norm of z is defined as the square
root of x - x:

lz]| = (a - a)'/2.

Tt is possible to define analogues of dot product >, @iy over finite or p-adic fields,
however this product might fail the requirement = -  # 0 for all z # 0. For this reason,
the questions of the existence of “orthogonal” bases of a subspace, the projections, and so
on, become more difficult.
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For V' = C", one has to modify this definition to make sure that the dot
product of the vector with itself is positive. Mathematicians typically use
the following modification.

(x,y) =21Yy + ... + 207y, = y'x, (6.2)

while physicists prefer (z,y) = T1y1 + ... + Tpyn = 2*y. Here Z means
complex conjugation of numbers in C and z* is T, that is, a vector obtained
by applying complex conjugation to every entry of x and then transposing
the vector.

In these notes we follow the mathematicians’ convention.

We can define more general inner products on vector spaces over R or
C. For concreteness, consider the vector spaces over C.

Definition 6.1.2. An inner product on a complex vector space V is a
function V- x V — C, (u,v) — (u,v) with the following properties:

(i) (v,v) >0forallve V.
(i

(v,v) = 0 if and only if v = 0.

(iii) (u+v,w) = (u,w) + (v, w).

i)
)

(iv) (ou,v) = alu,v) for all « € C and all u,v € V.
)

(v) (u,v) = (v, u).

For the real vector spaces definition is similar except that the function
values are in R not in C, the scalar & € R and in the last property the
complex conjugation is not needed.

Here are some examples.

Ezample 6.1.3. The definitions in (@) and (@) give valid inner product on
R™ and C", respectively. This inner product is usually called the standard
or Euclidean inner product.

Example 6.1.4. Let aq,...,a, be positive real numbers. Then
(u,v) = a1u1T1 + . . . GpU, Ty,

define an inner product on C".

Example 6.1.5. Let V = C7}, be the vector space of m x n complex matrices.
Then

(A,B) = Tr(B*A ZAZ]BU
is an inner product on V which is called the Frobenius inner product.
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Ezample 6.1.6. Let V be the vector space of continuous real-valued functions
n [—1,1]. Then

1
(f,g>=/_1fgdw

is an inner product.
Ezample 6.1.7. Let P[t] be the vector space of polynomials over R. Then,
1
(r.0) =p0)a(0) + [P0 (@) ds
-1
is an inner product.

Ezample 6.1.8. Another inner product on PJt] can be defined by

(p,q) = /OOO p(x)q(z)e™" dx.

6.2 Orthogonality and vector norms

We want to define a concept of length for vectors in a vector space. This
can be done by defining a norm of a vector. Mathematically, a norm is a
non-negative function on a linear space, which has the properties:

(i) (positivity) |lu|| > 0 for all u € V.
(ii) ||u|| = 0 implies that v = 0.

(iii) (homogeneity): ||cv| = |c|||v]|, for all ¢ € C,
(iv) (triangle inequality): |lu +v| < |Ju|l + ||v||-

We want to show that we can define a vector norm of by using a given
inner product:

Jull = (u,w).

In particular if we use the Euclidean inner product, the norm is called the
Euclidean norm:

lull :== ]u1]? + ... + |[un|?> = Vuru.

We want to prove that the norm defined using any inner product is indeed a
vector norm. It easy to check the first three axioms. The triangle inequality
is more involved. In order to prove it recall the definition of orthogonality.
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Definition 6.2.1. Two vectors u,v € V are called orthogonal if (u,v) = 0.
We write v L v to denote that v and v are orthogonal.

Theorem 6.2.2 (Pythagorean Theorem). If two vectors u,v are orthogonal
then [Ju + vl = [|ull* + [|v]|*.

FEzxercise 6.2.3. Prove this theorem.

Lemma 6.2.4 (Orthogonal Decomposition). Suppose u,v € V' with v # 0.
Let

c= <U’U2> and w = u — cv.
[[v]]
Then u=cv+w and w L v.

FEzercise 6.2.5. Prove this lemma.

Theorem 6.2.6 (Cauchy-Schwarz inequality). Let u,v € V and |jul?® =
(u,v). Then

[{w, )| < [ullf|v]]

This inequality is an equality if and only if one of u,v is a scalar multiple
of the other.

Proof. If v = 0, both sided of the inequality are 0. Suppose v # o, and write
the orthogonal decomposition

o),
fol?

U + w,

with w | v. By Pythagorean theorem,

[{u, v)[”

L) i
ol

ol 4 ol 2

which is equivalent to the Cauchy-Schwarz inequality. The equality holds
only if ||w||*> = 0, that is, w = 0, which holds only if u is proportional to
v. O

Finally we are ready to prove that ||u|| satisfies the triangle inequality.

94



Theorem 6.2.7. Suppose u,v € V. Then
[+ ol < Jlull + [lv].

The equality holds if and only if one of u,v is a non-negative real multiple
of the other.

Proof. We have

2 2 2
[lu+[]” = [[ull” + [lv]|” + 2Re (u, v)
< Jlull® + [[olf* + 2[{u, v)|
< Jlull® + [[oll? + 2[fulllloll = (lull + 0])?,
and the inequality is proved. To have the equality, we need to have the
equaliyt in Cauchy-Schwarz, so one of u,v is a multiple of the other. Say
u = cv. Then, we must also have Re (u, v) = |(u,v)|, which implies Re ¢ = ||

which can only occur if ¢ is a non-negative real number. This completes the
proof. O

It follows that the function |ju|| defined as |u|| := (u,u)'/? for an inner
product (-,-) is indeed a vector norm.

m
lzlly = >_lzil,
=1

lall, = (ley) - /7,
=1

”:12"00 = 15%’1&' il’
m 1/?

lall, = (2|x.-|?) (1 <p<o0)
=1

Figure 6.1: Unit balls for different vector norms
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Other vector norms

It is useful to know that there are other norms besides the Euclidean norm.
For example, a p-norm is defined for every p > 1 as follows. If x € R", then

folly = (3 Jas?) ™"
=1

This is an exercise that this function is indeed a norm.E
If we look at p — oo then we get a so-called supremum norm:

[2]loo = sup |4
7

In this notation, the Euclidean norm can be called 2-norm since it corre-
sponds to the case p = 2. So, more proper notation for this norm would be
||v]|2. However, we will usually use this norm rather than any other p-norm
and so we will skip this subscript.

The great advantage of the 2-norm (i.e., the Euclidean norm) is that it
equals the square root of the inner product of the vector with itself. Because
of this, it enjoys some properties which are not true for other norms. For
example, if we want to find out what is the point in a linear subspace with the
smallest distance from a given point, where the distance is measured using
the 2-norm, then we can use the orthogonal projection operator (which we
discuss later). In contrast, if we measure distance not in the usual 2-norm
but in a different norm, then this would not be true anymore and it would
be more difficult to find this point.

On the other hand, the p-norms for p # 2 are sometimes used in mod-
ern statistics, so you should know about them. For example, the lasso
regression uses the 1-norm of vectors.

The analogue of Cauchy-Schwarz inequality for more general norms on
R"™ is the Holder inequality:

2yl < llzllpllyllq,

where p~1 4+ ¢~ 1 = 1.

In contrast, one can check that if p < 1, then ||z, is not a norm. This is a couple
of additional exercises. First is to check that if || - || is a norm, then this implies that the
unit ball B = {z : ||z|| < 1} must be convex. And the second is to check that if p < 1,
then the unit ball is not convex.

96



6.3 More on orthogonality

6.3.1 Orthogonal systems

Definition 6.3.1. A set of vectors uq,...,u, is called an orthogonal sys-
tem if they are all non-zero and they are pairwise orthogonal: u; L u; for
all i # j. It is called an orthonormal system if it is an orthogonal system
and each of these vectors have length 1.

One useful fact about systems of orthogonal vectors is that we can use
them to decompose an arbitrary vector in orthogonal components. First of
all, we have the following result.

Theorem 6.3.2. The vectors of an orthogonal system are linearly indepen-
dent.

Proof. Suppose they are dependent. The we can write, after reordering these
vectors,

n

U1 = E Gy,

=2

where at least one of ¢; is not zero. Say, ¢; # 0. Then by taking the inner
product of the equality above with v;, we get (vy,v;) = ¢lvil|?> # 0, and
vectors v; and v; are not orthogonal, in contradiction to the assumption. [J

We also have a generalization of the decomposition formula proved above.
Specifically, we decompose an arbitrary vector v as a linear combination of
the vectors in the orthonormal system and a “residual”, which is orthogonal
to every vector in this system.

Theorem 6.3.3. Let {ui,...u,} is an orthonormal set of vectors in F™,
where F is either R or C and m > n. Then for every vector v € R™, there
exists a unique decomposition.:

n
v=r-+ E CiUj,
=1

in which vector r is orthogonal to each of vectors u;. The coefficients can be
computed as ¢; = (v,u;).

Remarks:
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(a) If n = m, then {u,...wu,} is a basis (every linearly independent sys-
tem of m vectors in R™ is a basis), so r = 0. The significance of the
theorem in this case is that it allows us to compute the coefficients in
the expansion v = > " | ¢;u; using the inner product: ¢; = (v, u;).

(b) If n < m, then Y | c;u; is the orthogonal projection of v on the
subspace U = (uy,...,u,) and it can be shown that ||r|| is the shortest
distance from v to the subspace U: ||7|| = mingey ||[v — z||.

(¢) If {u1,...un} is not orthonormal but simply orthogonal system, then
the conclusion of the theorem stays the same but the coefficients ¢; are
calculated using a different formula:

(vui) _ (v, ui)

ci = = .
U (ugug) [uglf?

Proof. The existence will be proved if we show that

n

r=v-— Z(fu,ui)ui

i=1
is orthogonal to each of vectors u;. By multiplying with u;, we get

n

(ryug) = (uug) = (v, ui) (uiug) = (v,ug) = (v,ug) {ug, ug) =0,
=1

which is the required property.

For uniqueness, we note that if we have two different decompositions
like that, then we can subtract them. As a result we would have that either
r = r’, and u; are linearly dependent, or r # 7’ and the orthogonal set
r —1r',uy,...,uy is linearly dependent. Both are not possible by Theorem
O 4.

O]

Ezample 6.3.4 (Discrete Fourier Transform (DFT)). Consider the vector
space CT and vectors uy, . .., ur_1 defined as

e \}T[exp (M)’exf’ (W)?--.,exp(2ﬂi'k'sz—1))]

(This is the function xj(t) = exp(2mi) evaluated at t =0,1,...,T — 1).
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Then, the vectors u; form a orthonormal system with respect to the
usual Euclidean inner product, — this is a good exercise, — and so every

vector € = [zg,...27_1] can be written as
T—1
r = Z CrLUg
k=0
or
2mi -k -t
Ty = \F Z Ck €XP ( mT ) (6.3)
where
2mi - k- t
cr = (@, ug) Z 2y €Xp ( mT ), (6.4)
fork=0,...,T—1. The vector & := ¢ = [cp, ..., cp—1] is called the Discrete

Fourier transform of vector . (Sometimes \/IT is omitted in the definition

of DFT. This is compensated by using + instead of % in formula (@))

If we put vectors uy as columns in matrix F' = [ug,...,ur—1], then we
see that the Discrete Fourier Transform can be written in a matrix form:

In order to get some intuition how the matrix F' looks like, consider 7" = 2
and T'=4. For T = 2,

F= b A

and for T'=4, it is

1 1 1 1
111 —¢ -1 1
F‘i 1 -1 1 1]’

1 i -1 —i

6.3.2 Unitary and orthogonal matrices

Now assume that we use the Euclidean inner product in R” or C”, (u,v) =
v*u.

Definition 6.3.5. A matrix in C,,«, called unitary if the set of its col-
umn vectors is orthonormal. If, in addition, it is in R, «, then it is called
orthogonal.
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Definition 6.3.6. A matrix in C,,«, is called an isometry, it its columns
are orthonormal.

(The difference from the previous definition is that we do not require the
matrix to be square.)

Alternatively, we can define isometry ) as an m X n matrix for which
Q*Q = I,,. If, in addition, the matrix is square, then it is a unitary matrix.
If, moreover, it is real, then it is an orthogonal matrix.

For square matrices A and B, the identity AB = [ implies that BA = 1.
(This is a good exercise.) So, if @ is orthogonal then we must also have
QQ* = 1. (However, if m > n and @ is an m X n isometry matrix then
Q*Q = I, but it can happen that QQ* # I.)

An important property of a linear transformation that corresponds to
an isometry @ is that it preserves lengths of vectors.

1Qul* = (Qu)*Qu = v"Q"Qu =v"v = ||v]|*.
(This is the reason why the matrix @ is called an isometry.)
Ezample 6.3.7. The rotation matrix Ry is orthogonal.

Ezample 6.3.8. The Discrete Fourier Transform matrix F' is unitary.

6.3.3 Orthonormal bases

Theorem implies that the columns of the n x n orthogonal matrix
Q@ form a basis in @) (since in this case the maximal number of linearly
independent vectors is n), and the coefficients of a vector v in this basis can
be computed very conveniently as ¢ = Q*v.

Definition 6.3.9. An orthonormal basis of a vector space V is a basis
that consists of orthonormal vectors.

Orthonormal bases have a nice property that the Euclidean inner product
in any orthonormal basis B can be computed by using the simple formula
(v,u) = [u]*[v], where [u] and [v] are coordinates of vectors u and v in this
basis. That is, the inner product is computed in absolutely the same way
as in the standard coordinates in C™ (or R"™).

FExercise 6.3.10. Let vi,v9,...,v, be an orthonormal basis in V.

(a) Prove that for any @ = Y} vk, Y = > p_q Bilk,

<$, y> = Z akBk‘
k=1
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(b) Deduce from this Parseval’s identity:

n n

(@y) = (@ o)y, or) = (@, ve) {vp, y)

k=1 k=1

Example 6.3.11. If & = ¢ is the DFT of & then Parceval’s identity says that

T-1 T-1
D lal® =3 lenf”
=0 k=0

Finally, we have the change of coordinates formula for linear operators.
If we change the standard basis to a new orthonormal basis, then the matrix
of the linear transformation in the new basis is

A=QAQ™ ' = QAQ".

6.3.4 Orthogonal complements

Two linear subspaces V' and W are orthogonal to each other (V L W)
if every (non-zero) vector in V is orthogonal to every (non-zero)
vector in W.

Note that the intersection of two orthogonal subspaces is always
zero (i.e., the trivial subspace). Indeed, if v belongs to two subspaces si-
multaneously, then v | v and ||v||? = v*v = 0, which implies that v = 0.

Let V' C R™ be a linear subspace. Then its orthogonal complement
of V in R™, denoted V1, is the largest linear subspace in R™ orthogonal
to V. Alternatively, it is the set of all vectors w that are orthogonal to V.
Formally:

Vi={ueR™:u*v=0forallveV}.
Theorem 6.3.12. For any V C R™,
V+VEt=R",
and the sum is direct.

Proof. Let (uy,...,u,) be an orthonormal basis of V. Take an arbitrary « €
R,,. By Theorem , x =71+ cu;, where r L u; foreveryi=1,...,r.
Then > c;u; € V and r € V+ and we showed that R™ =V + VL4,

Since V N VL = {0}, the sum is direct. O
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(This proof has a non-clear step since we assumed that we can always
find an orthonormal basis of W. Later we will see how to construct this
basis by the Gram-Schmidt orthogonalization process. )

Theorem 6.3.13. If V € R™ and dim(V) = k then dim(V1) =m — k.

Proof. By previous theorem, R™ = V @ V1, and therefore m = dimV +
dim V+ by our results about direct sums of subspaces. O

Corollary 6.3.14. If V' is orthogonal complement to V in R™, then V is
an orthogonal complement to V* in R™.

Proof. All vectors in V are orthogonal to all vectors in V1 [why?]. So
V c (V)L We need to show that this is in fact an equality. We have
dim((VH)Y) = m —dimV+ = m — (m — dim V) = dim V and we use the
fact that if one linear space is a subspace of another one and they have the
same dimension then they must coincide. O

Since R™ = V @& V+, therefore we can construct the basis of R™ by
taking the union of the bases of V and V. In particular, every vector u in
R” can be represented in a unique way as v +w where v € V and w € V*.

Now, here is an important example of orthogonal complements.

Theorem 6.3.15. For an m x n matriz A € R,,xn

1. The nullspace of A is the orthogonal complement of the row space of

A (i.e., the range of A!):

(ker A)t = range(A?) and (range A = ker A.

2. The range of A is the orthogonal complement of the left nullspace of
A:

(range A)* = ker A* and (ker AY)t = range A.

As a corollary, we find that

R™ = ker A @ range(A"),
R™ = range A @ ker(A")

Proof of Theorem . It is enough to prove one of these claims, since
the proof of the other follows by considering the transpose of matrix A. Let
us prove the first one.
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If u € range A? then u = A’z for some vector z € R™. We aim to show
that u € (ker A)*.
Let v € ker A, then we can calculate the inner product

(v,u) = u'v = (A'2)'v = 2" Av = 0,

where the last step holds because Av = 0.
Hence range A' C ker A. We need to show that this is in fact an equality.
The dimension of range A® is rank(A), the dimension of ker A is n —
rank(A) and the dimension of (ker A)* = n — dimker A = rank A. This
implies that range A' = ker A. O

In particular, it gives a method to calculate the orthogonal complement
to a subspace spanned by vectors ci,...c,. Write the matrix C! with
rows given by cf,...c!,, and calculate its nullspace (that is, the basis of

the nullspace).

Ezample 6.3.16 (Example of calculation). Find a vector in the orthogonal
complement to the column space of matrix

NN O
[NCRTSGE

This simply means calculating ker A:
R R P
The free variables are z3, x4 and we have:
-2 -2
range(A)T = ker(A?) = < _12 , 8 >
0 1

Note also that once we know the basis vectors of (range A)*, we can easily
test if a vector v belongs to range A by calculating the inner products of v
with these basis vectors and checking if they are equal to 0.
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6.4 Adjoint transformations

So far, we used notation A* as a shortcut notation for A'. Tn this section
we give a different definition, which might differ if the inner product is not
standard.

Note that if a matrix A represents the map L : C* — C", and C"
has the Euclidean inner product, then matrix A* = A" has the property
(Au,v) = (u, A*v) for all u,v € C".

We use this identity as the definition of the adjoint operator and adjoint
matrix.

Definition 6.4.1. Let V is a vector space with inner product (-,-), and
L :V — V is a linear operator, then the adjoint operator L* : V — V is
defined by the property that for all u,v € V,

(Lu,v) = (u, L*v).

It turns out that the adjoint operator exists and unique.

If L has matrix A in a basis B, then the matrix of L* is the adjoint matrix
A*. In particular, if B = {q1,...,qn} is an orthonormal basis in V', and the
matrix of the transformation L is A, then the matrix of transformation A*
is as we defined it before: A* = A¢,

The benefit of the concept of the adjoint transformation is that we know
that Theorems like Theorem hold as statements about the range and
kernel of the adjoint transformations. For example,

ker L = (range L*)*.

The operators (i.e., linear maps) that have the property A* = A are
called self-adjoint. For the vector space C" with Euclidean inner product
this boils down to the property A" = A, and these matrices are called
Hermitian. For R™ with Euclidean inner product, this simply means that
the matrix A is symmetric, A’ = A.

Another class of operators are normal operators, which are defined by
the property A*A = AA*. In particular, Hermitian operators are symmetric.

We will see later in Sections and @ that self-adjoint and normal
operators have very remarkable properties with respect to their eigenvalues
and eigenvectors.

Example 6.4.2. Suppose that the inner product in R is given by the formula
(x,y) = >0, diz;y;. In the matrix form it can be written as (z,y) =
y' Dz, where D is a diagonal matrix with the entries di, ..., d, on the main
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diagonal. What is the adjoint of matrix A with respect to this inner product?
What are the self-adjoint matrices?
Using D! = D, we can write

(Au,v) = v!DAu = v'DAD ™' Du = [D_lAtDv]tDu
= (u, D" A'Dv).

Hence, the adjoint of A for this real inner product is A* = D~1A*D. The
matrix is self-adjoint if

D'A'D = A, that is, A'D = DA.

For infinite-dimensional inner-product spaces, the adjoint operators do
not always exist and one needs to impose more restrictions on the operator
or on the space to ensure that the adjoint operator exists.

Ezxample 6.4.3. Consider the vector space V' of real polynomials in variable
T, Wthh have the property f(0) = f(1) = 0 and define the inner product as
fo x)dx. Consider the differentiation operator D : f(z) —
f’( ) What is 1ts ad301nt?
Using integration by parts, we write

1 1
®ra)= [ St e = | f@a@) - [ 1)@

It follows that D* = —D. (That is, D is anti-selfadjoint.)

For a vector space of complex polynomlals Wlth the property f(0) =
f(1) = 0 and with inner product (f, g) fo x) dx, the operator iD is
self-adjoint. (Here i is the imaginary unit.)

6.5 Exercises

The exercises with (&) have a hint at the end of Lecture Notes.

Ezercise 6.5.1. (Ex. 5.3.7 in Treil) True or false: if W is a subspace of V,
then dim W + dim(W+) = dim V? Justify.

Ezercise 6.5.2. Find all vectors that are perpendicular to (1, 4, 4, 1) and (2,
9, 8, 2).

Ezercise 6.5.3. (=)
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In the vector space V = R?, consider the subspace U spanned by the
vectors

2 —4 1 0 -1
2 1 1 0 0
1],]-12],(3]|,|3],and | O
7 6 4 1 1
3] |-4] lo] [2 1
(a) Compute dimU.
(b) Which of the vectors
10 2 4 5
0 1 2 0
51,1(8],4], and |5
-3 4 0 0
-1 2 0 2

belong to U?

FEzercise 6.5.4. (Ex. 5.3.5 in Treil) Find the orthogonal projection of a vector
(1,1,1,1)" onto the subspace spanned by the vectors v; = (1,3,1,1)! and
vy = (2,—1,1,0)" (note that vy L v9).
FEzercise 6.5.5. (Ex. 5.3.6 in Treil) s

Find the distance from a vector v = [1,2, 3,4]" to the subspace spanned
by the vectors v1 = [1,—1,1,0]" and vy = [1,2,1,1]" (note that vy L wvy).
One way is to do this is by projecting v on the subspace spanned by v; and
V2.

Can you find the distance without actually computing the projection?
That would simplify the calculations.

Ezercise 6.5.6. Find a matrix A, which is in reduced echelon form, and

satisfies dim(range(A?)*) = 4, dim(range(A)*) = 1.

Ezercise 6.5.7. (Ex. 5.2.3(c) in Treil) Do Exercise + the following:
Assume that vi,v9,...,v, is only an orthogonal basis in R™, not an

orthonormal one. Can you write down Parseval’s identity in this case?

Exercise 6.5.8. Let A be a real symmetric matrix. An eigenvector of
matrix A is a non-zero vector x such that Ax = Az for some number A
which is called the eigenvalue corresponding to the eigenvector x.

Prove that if x and y are eigenvectors corresponding to distinct real
eigenvalues A\; and A2, then x and y are orthogonal.

(This is one of the remarkable properties of self-adjoint matrices.)
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Chapter 7

More about Inner Product
Spaces

Reading for this Chapter: Treil, Chapter 5.

7.1 Gram-Schmidt orthogonalization

In some cases we are given a basis (v1,vs,...) of a linear space V and we

want to construct a orthonormal basis (q1,¢2,...,¢n). The reason for this
is that in this basis it is easy to measure distances and perform orthogonal
projections.

More generally, we are given an increasing sequence of spaces (a flag)
VicVeC...CV,,

where Vi, = span(vi,...,v), and we want to construct an orthonormal
system of vectors g, ..., ¢, so that Vi = span(qi,...q,). This can be easily
done by the process that is called the Gram-Schmidt orthogonalization.

The process is recursive. At step 1, we take vector v; and normalize it
to have the unit length:

1
qpr = —"1,
T11
where 711 = ||v1]].
At step k we take vector vy and subtract its projection on the subspace
Vi—1. This is easy to do because we already know {q1, ..., qx_1}, which form

an orthonormal basis of Vj,_1. After this, we normalize the resulting vector
so that it has the unit length.
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So,

up = v — (U, q1)q1 — - — (Vks Qh—1) k1,
1
4k = — UL,
Tk

where ri, = ||ug||. (Note also that rx, = (uk, qx) = (vk, gk)-)

The process will continue without interruption, provided that the inclu-
sions Vj_1 C V. are strict, which is the same as that the matrix A with
columns vq, ..., v, has full rank.

The formulas above can also be written differently, as

V1 = T1141,
Vo = T12Q1 1+ T22Q2,
v3 = 11391 + 72392 + 733493,

Un = T1nq1 + 72nq2 + ... + Tnngn,

where 7;; = (vj,q;) when i < j.
In a matrix form it can be written as
A=QR,

where A is an m X n matrix, @ = [q1,-..,qn] is an m X n matrix with
orthonormal columns and R is an upper-diagonal n x n matrix with positive
diagonal elements.

11 T2 T13 ... Tin

N 0 22 T23 ... T9n
R=10 0 733 ... T3,
0 0 0 ... 7T

This factorization is called the reduced QR factorization and the
above argument shows that if matrix A has full rank, then this factorization
exists and is unique. By extending matrix @ to an orthogonal m x m matrix
@, and R to an upper-diagonal m x n matrix R one can obtain the full QR
factorization, although this factorization is not unique.

When doing the Gram-Schmidt by hand, it is useful to postpone the
normalization steps of the algorithm. In this case we are looking for an
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orthogonal basis {wi,...,w,}, and the algorithm goes as follows. First,
set w1 = vy, and then for k =2,... n.

(v, wi) (v, wg—1)
lw—1]]?

Wk—1-
Finally, if we want to get an orthonormal basis, we perform normalization:

qx = wi/||wgl].

Example 7.1.1. Let B = {[1,0,1,0]*,[1,1,1,1]%,[1, 2, 3, 4]} be a basis of sub-
space V € R*. Perform the Gram-Schmidt orthogonalization on B and find
an orthonormal basis for V.

We have w; = vy,

1 1 0
w2:v2_<v2,w1) 1 _g 0 _ 1
[ |2 1| 2|1 0
1 0 1
1 1 0 -1
ws vs <U3,wl>w1 <v3,w2>w2_ 2 7% 0 79 1 _ —1
[ [ [[wal[? 3121 2|0 1
4 0 1 1

{w1, w2, w3} is an orthogonal basis. To get an orthonormal basis {q1, ¢2, g3},
we perform normalization, ¢; = w;/||w;|| and get:

1 0 -1
110 1|1 11
0 1 1
Ezample 7.1.2. Here is an example of a QR factorization,
(1 1 2
A=10 0 1
1 0 0

[1/vV2  1/v2 0] [V2 1/vV2 V2
0 0 1|10 1/vV/2 V2| =QR
1/v2 —-1/v2 0] [0 0 1

The columns of ) are obtained as in a previous example, and the entries
ri; of R are computed as r;; = (vj,¢;) when ¢ < j. (That is, the column j
of R are coefficients in the expansion of v; in the basis {¢1,...,¢,} but for
i > j the coefficients are zero by construction.)
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The Gram-Schmidt orthogonalization is a general process, which can be
applied not only to vectors in R™ but also to functions in a vector space of
functions. One only needs to define the inner product of two functions. For
example if f(x) and g(z) are two real-valued functions, then we can define
the inner product as an integral, provided that the integral is convergent.

Here are examples of the inner products,

(f.9) = / " f@)g() dz, or (7.1)

1
(f. ) = / f(@)gla)da. or (7.2)
)= [ e fa)gle) dr, or (7.3)

Two functions are called orthogonal if their scalar product is zero, and the
norm of a function is defined naturally as || f|| = +/(f, f)-

The Gram-Schmidt orthogonalization can also be applied to a system of
functions fi(x),..., fn(x) and results in a system of orthonormal functions
q1(x),...,qn(x).

For example, many famous families of polynomials can be obtained in
this way by applying orthogonalization procedure to polynomials 1, z, 22, 23, . ..
with respect to various scalar products.

The Legendre polynomials are orthonormal with respect to scalar prod-
uct [7.2, Hermite’s polynomials are orthonormal with respect to scalar prod-
uct , etc.

This is important for the problems when one approximates functions by
other functions.

7.2 Orthogonal projections

If we have a system of n orthonormal vectors qy, . .., q; that span a subspace
W in an inner-product space V', then we can project every vector & € V on
W by calculating the projected vector

P(z) =(z,q1)q1 + ... + (T, 9,)qy, (7.4)

and the residual vector

r=x — P(x),



and we know that 7 is orthogonal to every vector g;.
So effectively, we decomposed vector & as a sum of two vectors:

x = Py(x) +r,

where Py (x) € W and r € W, In particular r is complementary projection
of z on W+, r = Py, (v). (We use the word “projection” somewhat loosely
here. We will soon define it precisely.)

Here P is a linear map. What is its matrix?

If we have the space V = R" or V = C" with the Euclidean inner product
then we know that (x, g;) = g, and we can write formula ([.4) in a matrix
form by using matrix Q = [qy,...,q,]. It easy to see that

P(x) =QQ"x,
Example 7.2.1. If g, is the first k coordinate vectors in R™ or C”, then the
matrix is
I, O
0 Onfk

In general, the matrix QQ* is an Hermitian m X m matrix with the
following property.

(QR*)? = Q(R*R)Q* = QQ",

because Q*Q) = I,, by orthonormality of vectors g,. Intuitively it says that
projecting the same vector twice on the same subspace does not change the
results.

The residual can be written as

r ::(I<_(QCQ*)w7

and it is easy to see that (I — QQ™) is also a Hermitian matrix that has the
property that

(I-QQ")=1-QQ"

Example 7.2.2. Suppose v is a column vector that has unit length. Then
matrix P = vv! is a matrix of an orthogonal projection. It is called rank-one
projection. Geometrically, Pz = v(v*z) is the projection of the vector = on
the line L that has the direction vector v.

One particular case is when v = ﬁ[l, 1,...,1]*. In this case vv* = %J,

where J is the n X n matrix consisting of all 1s.
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Ezample 7.2.3 (Sum of rank-one projections). If a matrix @ has column
vectors ¢1,q2, - - -, G, Which form an orthonormal set, then P = QQ* is the
matrix of the orthogonal projection on the linear space spanned by these
vectors. It is sometimes useful to write P = QQ* as a sum of rank-one
projectors from the previous example.

P=QQ" =) aq (7.5)

i=1
This formula is equivalent to formula (@) [check it!]

Let us talk about properties of or-
thogonal projection in a more formal
v way.

\\\\\\ range(P)
~~~~~~~~~~~ Pv—v/ Definition 7.2.4. An orthogonal
== projector on subspace W € V is a
Py el linear transformation Py that satisfies
two properties: Pyv € W for every

v € Vand v — Pyv L W for every
Figure 7.1: Ortogonal Projector  yector v € V.

The most useful property of orthog-
onal projectors is that Py v is the point
in W that minimizes the distance of v from W.

Theorem 7.2.5. The orthogonal projection w = Pwv minimizes the dis-
tance from v to W, i.e. for allx € W, ||v —wl|| < ||lv—z|. Moreover, if for
somex € W, |lv—wl| = |jv— x|, then x = w.

Proof. Write
v—xr=v—w+ (w—2x).

Since v — w € W+ and w — 2 € W hence they are orthogonal and we can
apply the Pythagorean theorem:

lo —2|? = [lv —w|? + lw — 2|
This implies both claims of the theorem. O

Here are some other simple properties of orthogonal projections.

Ezxercise 7.2.6. Let P be an orthogonal projector on W C V. Show that
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Solution:
(a) Pw—we W W+ ={0}.

(b) If v = 0, the statement is true. Let a non-zero v € W+ and let w = Puv.
Then, w € W and v —w € W+ by assumption. Hence (v — w,w) =
—[Jw||* = 0. So w = 0.

(c) Hint: write v € V as v = w + w*, where w € W, w' € W+, and check
the property.

(d) Verify the definition.

Sometimes it is needed to check if a given matrix is a matrix of an
orthogonal projection.

Theorem 7.2.7. Let V =R" or V = C,, with the Euclidean inner product.
Suppose P : V. — V is a linear map such that P> = P and P* = P. Then
P is the orthogonal projector on W = range P.

(Here we identify P with its matrix in the standard basis and P* is the
linear transformation with the matrix P*.)

Proof. Clearly, Pv € W = range P for every v € V because of the definition
of the range. Then, let w = v — Pv = (I — P)v. We want to show that
w € W, Let u € W, then we have u = Px for some = € V and

(w,u) = ((I — P)v, Px) = (Px)*(I — P)v =2*P*(I — P)v.

Since we assumed P* = P therefore P*(I — P) = P(I — P) = 0. This shows
that (I — P)v L W and finishes the proof. O

A matrix P that has the property P? = P but P* # P is called an
oblique projector.
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7.3 Projection and linear regression

7.3.1 Basic formula

Suppose a subspace W C V spanned by vectors a1, as, ..., a; which are not
necessarily orthogonal. How can we calculate the orthogonal projection on
w?

One way is obvious: apply the Gram-Schmidt orthogonalization to the
set {a1,as,...,ar}. It will give an orthonormal set {q1,...,qr} and then
we can calculate the projection of z on V' as QQ*z, where Q = [¢1,. .., qx].
There is an alternative way that avoids orthogonalization.

Theorem 7.3.1. LetV =R" or V = C". Suppose W = ({a1,as,...,a;}) C
R"™, and let A be an n X k matriz with columns a;, i = 1,....k, k < n.
Suppose A is full rank: rank(A) = k. Then

P = A(A*A)7tA* (7.6)
is the orthogonal projector on W.

FEzercise 7.3.2.
Show that ker(A*A) = ker A.

Exercise 7.3.3. Suppose rank A = k, show that (A*A)~!A* is a surjection
on R¥ and P is a surjection on range(A).

Proof. By Exercise [[Z32 and the assumption about the full rank, dimker(A*A) =
dimker A = 0. Hence A*A is invertible [why?] and P is well defined. Then
by direct checking, P> = P and P* = P. Hence by Theorem , P is an
orthogonal projector on range P, which equals range A by Exercise [333. [J

7.3.2 Relation to statistics

In statistics we often need to solve the following problem:

Yi = B1zi + ... BnTin + &, (7.7)
where ¢ = 1,...,m labels observations, y; is the value of the variable that
we want to explain in observation i, and xz;1,..., T, are the values of n

“explanatory” variables in observation i. (They often called “features” in
machine learning.) In statistics, a linear regression is usually has a constant
term. Here we treat the constant term on the equal basis with other coef-
ficients. For example, we can think about the vector (z11,...,z1,) as the
vector in which all components are equal to 1.
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The numbers ¢; are “error terms”.

Another view on this problem is that we simply trying to solve an overde-
termined system of equations, where the number of equations m exceeds the
number of variables n. In this case, there is no exact solution and we trying
to minimize the norm of the vector of the residual terms ;.

Let us introduce m x 1 vector y = [y1, ..., Ym], an m X n matrix X with
entries xz;;, the n x 1 vector of coefficients 8 = [B1, ..., 8], and m x 1 vector
of errors € = [e1,...,&p].

Then we can re-write equation (@) as
y=Xp+e,
Our task is to minimize the norm of vector €, which we can write as
(y = XB)"(y — XB) — min

We can write the first order conditions as

;ﬁ(y—Xﬁ)*(y—Xﬁ) — .

Here, % f(B) is the vector of partial derivatives 6%- f(B). One can check
directly that this leads to equations:

or
X*Xp=X"y. (7.8)
(Indeed

58@. D= > Xawbe)? =2 Xij(yi — Y Xub),
% k A k

and this is equivalent to equation (@))

In the traditional statistics, m > n, the number of observations exceeds
the number of explanatory variables. For this reason the rank of a typical
X equals n, so it is a full rank. It follows that X*X is invertible and we can
solve equation (@) as

B=(X"X)"'X"y (7.9)

The equations in (@) are called normal equations and the matrix

Xt =(X*X)"'x*
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is sometimes called the pseudoinverse of matrix X.

In statistical applications we are also interested in estimated true values
of y;, when the noise ¢; is filtered out. So we define the fitted values of y as
y = Xf. Then

J=X(X"X)"'X*y.

This is the linear combination of explanatory random variables which min-
imizes the norm of the error term e =y — X 6.

From the point of view of linear algebra, ¥ is the orthogonal projection of
vector y on the linear space spanned by the vectors of the explanatory vari-
ables 2, ... 2" where 2 = [%1j, ... Zm;]". The matrix of the projection
is

P=X(X*X)"1x*
Ezxample 7.3.4. Let
1, 0
A=10, 1
1, 0

What is the orthogonal projection of v = [1,2, 3]* on range A?
What is the matrix of the orthogonal projector P onto range(A)

Solution: Method 1: We apply Gram-Schmidt and find w; = a1 =
[1,0,1],

(The columns of A are already orthogonal.) So the projection is

1
4
(v, w1) wy + (v, wa) wy = - 0] +
1

Pv =
(w1, wr) (w2, wa) 2

0 2
1] = |2
0 2

In order to get the projection matrix, we normalize the basis

=
flun
Il
Sl
\)

1 0
0] and g0 = |1
1 0
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Then

<0 19 1

V2 1 9 L 2 2

P=QQ*=|0 1||V2 V2 =10 1 0
0 1 0

75 0 $ 0 3

Method 2. Linear Regression formula. We calculate

1

. 1 o1 [4
Av_[o : 0} 2 _H
3
ca ]2, 0
A4 {0,1}

L, 0] 2
A(A*A) T A = |0, 1 H: 2
1, 0 2

For the projection matrix, we can calculate

«1 |2, 0 « -1 (1/2, 0 w14 |1/2°0
AA_[O, 1],(AA) —[0’ 1},(AA) A—{O 1
1, 0 1/2 0 1/2
1, 0 1/2 0
For the following examples, see Treil’s book.
Ezample 7.3.5. Projection on a plane.

Ezample 7.3.6. Curve fitting.

There are some generalizations of the linear regression when one puts
different weights on different observations. In this case we can introduce a

weighted 2-norm:

[l =
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where w; are some positive weights. In this case one wants to minimize

ly — X8

1300

and this leads to the formulas
B=(X*WX) ' X*Wy,
7= X(X'WX)" ' Xx*Wy,

where W is the diagonal matrix with weights w; on the main diagonal.
The prediction matrix X (X*WX)"1X*W is a projector, but it is not
symmetric so this projection is not orthogonal. However, it turns out that
it can be thought as orthogonal if we define the orthogonality differently,
namely if we say that two vectors w and v are orthogonal if > 7" | w;u;v; = 0.

7.4 Exercises

The exercises with (&) have a hint at the end of Lecture Notes.

Ezxercise 7.4.1. (Ex. 5.3.1 in Treil) Apply Gram—Schmidt orthogonalization
to the system of vectors [1,2,—2]¢ | [1,—1,4]" , [2,1, 1]

Exercise 7.4.2. Apply Gram—Schmidt orthogonalization to the system of
vectors v; = [1,0,1]* and v = [1,1,—1]". Using the results, write the
matrix of the orthogonal projection onto 2-dimensional subspace spanned
by these vectors.

Then calculate this matrix using v; and vy without orthogonalization
and the projection formula ([7.6).

Ezercise 7.4.3. Find a basis of the orthogonal complement to the subspace
spanned by the vectors [1,2,3]" , [1, 3, 4]

Ezercise 7.4.4. =

Find the distance from a vector [2, 3, 1]* to the subspace spanned by the
vectors [1,2,3]" , [1,3,4]" . Note I am only asking to find the distance to the
subspace, not the orthogonal projection.

Ezercise 7.4.5. (Ex. 5.3.8 in Treil)

Let P be the orthogonal projection onto a subspace E of an inner product
space V , dimV = n, dim E = r. Find the eigenvalues and the eigenvec-
tors (eigenspaces). Find the algebraic and geometric multiplicities of each
eigenvalue. What is the trace of P?
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Ezxercise 7.4.6 (Legendre’s polynomials). Let an inner product on the space
of polynomials be defined by (f,g) = f_ll f(t)g(t)dt. Apply the Gram-
Schmidt orthogonalization to the system 1,t,¢% t3. Do not normalize the
polynomials during the Gram-Schmidt process.

Legendre’s polynomials are particular case of the so-called orthogonal
polynomials, which play an important role in many branches of mathematics.

Ezercise 7.4.7. If P is an orthogonal projector, then the matrix I — 2P is or-
thogonal. Prove this algebraically, and try to give a geometric interpretation
for the transformation represented by matrix I — 2P.

Ezercise 7.4.8. =

Let E be the m x m matrix (operator) that extracts the even part of an
m-vector: Ex = (z + Fx)/2, where F is the m x m matrix (operator) that
flips (z1,...,Zm)! to (T, ..., 71)". Is E an orthogonal projector, an oblique
projector, or not a projector at all? What are the entries of this matrix?
Ezercise 7.4.9. Given an m X n matrix A with m > n, show that A*A is
invertible if and only if A has full rank. As a part of this problem, do

Exercise .

Ezxercise 7.4.10. (Ex 5.4.1. in Treil) Find the least square solution of the
System

1 0 1
0 1|lx=|1
1 1 0

FEzercise 7.4.11. (Ex. 5.4.2. in Treil) Find the matrix of the orthogonal
projection P onto the column space of

Use two methods: Gram—Schmidt orthogonalization and Least Squares
formula for the projection. Compare the results.
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Chapter 8

Orthogonal Diagonalization

Reading for this Chapter: Treil, Chapter 6.

We showed previously that every matrix in C,x, can be brought to a
Jordan Canonical Form by an appropriate choice of the basis. If the geomet-
ric multiplicities of eigenvalues equal to their algebraic multiplicities then
the matrix can be diagonalized. For example, this happens if all eigenvalues
have algebraic multiplicity 1.

What if we allow only an orthonormal bases? In this case, we cannot
hope to diagonalize an arbitrary matrix. However, we can bring every matrix
to the upper-triangular form by appropriate choice of the basis. This result
is called Schur’s factorization.

Importantly, for some classes matrices the diagonalization is always pos-
sible. This happens, for example, for Hermitian matrices, that is, for matri-
ces that satisfy the condition A* = A. (In the real case, these are symmetric
matrices, A' = A.)

8.1 Schur’s factorization

A Schur factorization of a matrix A is a factorization A = QT'Q*, where
is unitary and T is upper-triangular.

Theorem 8.1.1. Every matrix A € Cpxn has a Schur factorization.
Remarks:

(a) If matrix A is real and all its eigenvalues are real then it is seen from
the proof that we can choose ) and 1" to be real in this factorization.
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(b) Two matrices A and B are called unitarily equivalent if A = UBU*
for a unitary matrix U. So, the theorem says that every square matrix
is unitarily equivalent to an upper-triangular matrix.

Proof. The proof is by induction on the dimension n of A. The case n =1
is obvious. Suppose n > 2. Every matrix A has at least one eigenvalue A
by one of our previous results. Let w1 be a unit eigenvector belonging to A
and set it as a first column of a unitary matrix U = [u1,ug, ..., uy]. Then,
we can check that

U*AU = [A “’],

0 B

for some w € C* ! and B € C,,xp. (Indeed, this simply says that in the new
basis the first column of transformed matrix is [A,0,...,0] and this follows
from Au; = Auq.)

By inductive hypothesis, there exists a Schur factorization VT'V* of B.
Then, we can set

1 0
and check that
N A wtV
which is the desired Schur factorization. OJ

8.2 Spectral theorem for Hermitian matrices

One of the most important properties of Hermitian matrices is that they are
diagonalizable and moreover, they admit a unitary diagonalization. This is
often called the Spectral Theorem.

Theorem 8.2.1 (Spectral theorem for Hermitian matrices). If A* = A,
then A admits unitary diagonalization:

A= QAQ*, (8.1)

where Q is unitary and A is diagonal with real entries.
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Remark: if A is real then by using the remark about the Schur diago-
nalization, the proof below shows that ) can also be chosen real.

Note that if (@) holds then A is Hermitian. So, in fact we obtained
another definition of Hermitian (or self-adjoint) matrix. This is a matrix of
an operator which in a certain orthonormal basis has the diagonal matrix
with real diagonal entries.

Proof. By Schur’s factorization, we can write A = QT'Q*, and since A* = A,
we have T* = T, which implies that T is diagonal and its diagonal entries
are real.

O]

This proof is very short but it has a disadvantage that it hides the role of
self-adjointness and it is not easy to generalize to infinite-dimensional space.
More conceptually, one can proceed along the following lines.

Ezercise 8.2.2. Suppose A be an eigenvalue of self-adjoint operator A. Prove
that A is real.

Erercise 8.2.3. Show that (E))" is A-invariant.

Then, we have a direct sum of A-invariant sub-spaces: R" = Ey @ (Ey)*
and therefore we can study A on these two sub-spaces separately. We can
choose an orthogonal basis in F) and in this basis A{ By is diagonal, = AI.

In addition, the subspace (F)* has dimension smaller than n and we can
apply induction and conclude that there is a basis of (Ey)*, in which A‘ (Ey)L
is diagonal. Then we can take the union of these bases, and see that A i
diagonal in this basis. This complete the alternative proof of Theorem B.2.1.

The arguments in the proof above implicitly showed that Ey 1 FE, if
eigenvalues A and p are distinct. Let us show this explicitly.

N

Theorem 8.2.4. If \y # Xy are two eigenvalues of Hermitian matriz A
with eigenvectors uy and uo, respectively, then uq L uo.

Proof. By the previous theorem the eigenvalues are real and

(ug, Aup) = (Aug,uq), so

A1 {ug, ur) = Ao(ug, ur)
and since \; # A2, we must have (ug,u1) = 0. O
From Theorem , we have that A is diagonalizable and therefore

Rn:E)\l@...EBE)\T,
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where Aj,...,\, are distinct eigenvalues of A and E), are corresponding
eigenspaces. Theorem shows that the £y, L E); for i # j.
The formula (B.1)) is often written in the following form:

n
A= Nagig,
=1

where \; are eigenvalues of A (counted with multiplicities) and {g;} is an
orthonormal basis of eigenvectors.
It can also be written as

A=> NPz, (8.2)
=1

where )\; runs now over all distinct eigenvalues of A and Pg, is the orthogo-
nal projection on eigenspace Ey,. Note that eigenspaces EA: are orthogonal
to each other and R" = Ey, @...® E),. In terms of orthogonal projections
PEM- this means that PEAl +...+ Pg, =1, and PEAZ-PEAJ- =0if i # 7.

Formula (@) elucidate the origin of the name “Spectral Theorem”. It
is inspired by the parallel drawn between eigenvalues and the frequencies
found within the light spectrum. Just as frequencies are fundamental com-
ponents of the light spectrum, eigenvalues serve a similar foundational role
in the theorem. Furthermore, the matrix is expressed as a sum of weighted
projections, mirroring the way white light is decomposed into a spectrum
of pure frequency light. This analogy underscores the theorem’s capacity
to break down complex matrices into more interpretable and fundamental
elements, akin to the dispersion of white light through a prism.

8.3 Spectral theorem for normal operators

Some other classes of matrices also admit unitary diagonalization.
Definition 8.3.1. An operator (matrix) A is called normal, if A*A = AA*.

One example of normal matrices which are not Hermitian are unitary
matrices.

Theorem 8.3.2. If A is normal, then there are a unitary matrix U and a
diagonal matriz D, so that

A=UDU".
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Note that in this case we do not claim that the diagonal terms of D
are real. For example, for unitary matrices A the elements of D (i.e., the
eigenvalues of A) belong to the unit circle in the complex plain. (Can you
prove it?)

This theorem gives a characterization of normal matrices. These are ma-
trices of an operator, which have a diagonal matrix in an orthonormal basis.
(However, in difference from self-adjoint operators, the diagonal matrix is
not required to be real.)

Proof. The claim of the theorem also follows from Schur’s factorization.
One can prove it by induction on n that for an upper-triangular matrix 7',
T*T =TT" can hold only if T is diagonal. For details see Theorem 6.2.4 in
Treil’s textbook. O

8.4 Simultaneous diagonalization

Definition 8.4.1. Two Hermitian matrices A and B are called simultane-
ously diagonalizable if we can find a unitary matrix U such that

A=UALU,
B =UARU*,

where A4 and Ap are the diagonal matrices with eigenvalues of A and B,
respectively, on the main diagonal.

Theorem 8.4.2. Hermitian matrices A and B are simultaneously diago-
nalizable if and only they commute, that is, if AB = BA.

Proof. One direction is clear. If A and B are simultaneously diagonalizable,
then by direct verification they commute. (Check it.)

Now assume that AB = BA. We proceed by induction. The case when
the size of matrix n = 1 is clear. So suppose n > 2. We claim that A and B
have a common eigenvector. Let z be an eigenvector of A with eigenvalue
A, ¢ € E\(A). Then for every integer k > 1,

ABFz = B¥ Az = A\BFz,

so B¥r € E\(A). Note that W = span{z, Bz, B%z,...} is a finite dimen-
sional subspace of R™ which is B-invariant. Hence B‘W has a unit length
eigenvector w in W C Ey(A). It follows that w is an eigenvector of both A
and B. Consider subspace span{w}*. Since A and B are Hermitian, this
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subspace is A and B invariant (check it!) and we can apply the induction
hypothesis to A and B restricted to span{w}*. As a result, we find an
orthonormal basis in span{w}*, in which the restriction of operators A and
B are diagonal. By adding w to this basis, we find the orthonormal basis of
R™ in which A and B are diagonal. O

This theorem can be generalized. If Hermitian operators Ai,..., An
pairwise commute (A4;A; = A;A,; for all ¢, j) then they can be simultaneously
diagonalized by a unitary matrix U. The proof is based on the following
exercise.

Ezxercise 8.4.3. Suppose operators Ay, ..., A, pairwise commute. By using
induction, prove that they have a common eigenvector.

8.5 Positive definite matrices

Definition 8.5.1. A self-adjoint operator A : V' — V is called positive
definite if (Av,v) > 0 for every v # 0. It is called positive semidefinite
if (Av,v) > 0 for every v € V.

The notation for positive definite and positive semidefinite matrices A
are A > 0 and A > 0, respectively.

One reason to study positive definite matrices is that we can define a
new inner product on R” by the formula (u,v)4 = (Au,v) and in fact these
are all possible inner products. In addition, positive semidefinite matrices
often arise in practice as covariance matrices of random vectors. They also
arise in mathematical analysis. (If the gradient of a multivariate function
f(x1,...,x,) is zero Vf(¥) = 0 and the Hessian matrix H with entries
Hij = 0y,0:, f (Z) is positive definite, then the matrix has a strict minimum
at Z.)

Ezxercise 8.5.2. Let A: R™ — R™. Then operator A*A is positive semidefi-
nite.

Theorem 8.5.3. Let A = A*. Then,
1. A > 0 if and only if all eigenvalues of A are positive.
2. A >0 if and only if all eigenvalues of A are non-negative.

Proof. The idea is to choose the orthogonal basis in which the matrix of A
is diagonal, with eigenvalues on the main diagonal. In this basis the claim
is clear.
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More formally, by the Spectral Theorem, A = UAU*, where U is or-
thogonal. Then (Av,v) = (UAU*v,v) = (AU*v,U*v). Let u = U*v =

[u,...up]*. Note that ||u]| = ||v]|, so u # 0 if and only if v # 0. Then
(Av,v) = 3" | Ni|ug|?. This is > 0 for all u # 0 if and only if all A; > 0.
And it is > 0 for all w if and only if all A; > 0. ]

Corollary 8.5.4. Let A = A* > 0 be a positive semidefinite operator. There
exists a unique positive semidefinite operator B such that B®> = A.

Proof. If the spectral decomposition for A is A = UAU*, where

A = diag(A1,...,\n), then by the previous theorem all A\; > 0 and we can
define A1/2 = diag(v/A1, ..., v ) and then we can take B = UAY/2U*. For
uniqueness see the textbook. O

Definition 8.5.5. Let A is an operator from R” to R™. The modulus of
A is the operator |A| : R” — R” defined as |A| := vV A*A.

The modulus of A is useful because it is a positive-semidefinite operator
that captures the size of operator A. In particular it is possible to prove
that every operator from R"™ to R" has a polar decomposition:

A=UlA|

where U is a unitary operator. For a proof see Thm 6.3.5 in Treils’s book.

8.6 Exercises
Ezercise 8.6.1. (Ex. 6.2.1 in Treil) True or false:

a) Every unitary operator U : X — X is normal.

o

A matrix is unitary if and only if it is invertible.

c) If two matrices are unitarily equivalent, then they are also similar.

o,

e) The adjoint of a unitary operator is unitary.

f

)
)
)
) The sum of self-adjoint operators is self-adjoint.
)
) The adjoint of a normal operator is normal.

)

If all eigenvalues of a linear operator are 1, then the operator must be
unitary or orthogonal.

g
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h) If all eigenvalues of a normal operator are 1, then the operator is identity.

i) A linear operator may preserve norm but not the inner product.

FEzercise 8.6.2. Let

0 1 -1
A=11 0 1/,
11 0

A has exactly two distinct eigenvalues, which are —2, and 1.
If possible, construct matrices P and D such that A = PDP! | P is a
matrix with orthonormal columns, and D is a diagonal matrix.

Ezercise 8.6.3. (Ex. 6.2.2 in Treil) True or false: The sum of normal opera-
tors is normal? Justify your conclusion.

Ezxercise 8.6.4. (Ex. 6.2.3 in Treil) Show that an operator unitarily equiva-
lent to a diagonal one is normal.

Ezercise 8.6.5. (Ex. 6.2.4 in Treil) Orthogonally diagonalize the matrix,
3 2
=]
Find all square roots of A, i.e. find all matrices B such that B? = A.

Ezercise 8.6.6. (Ex. 6.2.4 in Treil) True or false: any self-adjoint matrix has
a self-adjoint square root. Justify.

Ezercise 8.6.7. (Ex. 6.2.7 in Treil) True or false:
a) A product of two self-adjoint matrices is self-adjoint.
b) If A is self-adjoint, then A is self-adjoint.

Ezercise 8.6.8. Do Exercise : Let A:R™ — R™. Then operator A*A is
positive semidefinite.

Ezercise 8.6.9. =
Suppose A and B are positive semidefinite symmetric matrices. Show
that AB + I is invertible.
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Chapter 9

Singular Value
Decomposition (SVD)

Reading for this Chapter

9.1 Matrix norms

Matrices form a linear space so we can talk about norms of matrices. Since
matrices also have some additional structure: for example, they act on vec-
tors, — there are some additional issues for matrix norms.

The two most popular matrix norms are Frobenius and operator
norms. The Frobenius norm is defined as follows:

D A2 = \/Tr(A 4),

i=1 j=1

1A[|F =

where Tr is the trace: TrM = Y"1 | M;;.

It is easy to see that the Frobenius norm of A is simply the norm of the
long vector formed by stacking all column vectors of A together. The benefit
of this norm is that it is essentially our familiar vector norm, in particular,
there is an associated inner product: (A, B) = Tr(B*A). One of the big
advantages of the Frobenius norm is that it is easy to calculate. Another
useful norm, or rather a family of norms, is called the operator norm and
it is defined by the following formula:

A
|A|| := sup L vl = sup [Av]. (9.1)
v#0 HUH vifjv||=1
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The operator norm depends on which vectors norms we choose to use to
measure |[v|| and ||Av||. The most frequent situation is when both are usual
Euclidean norms, that is, £ vector norms: ||v|| = (3 U?)I/Q. Sometimes, to
make this clear, the operator norm can be denoted [|A[|(22) or [[A]|2. Below,
if we say “operator norm” without qualifier we mean the 2-norm ||A|s.

From (@), it is clear that the operator norm equals the maximum in-
crease in the length of a vector which is achieved by the linear transforma-
tion that have matrix A. Obviously, this is a useful quantity but it is more
difficult to calculate.

Ezample 9.1.1. Let D is an m x n diagonal matrix with diagonal elements
dy >dy > ... >dy, >0. (We assume m > n.) What are the Frobenius and
the operator norms of this matrix?

So far we talked about matrix norms as functions on matrices that satisfy
the axioms of vector norms. However, sometimes additional requirements
are imposed on matrix norms, which are related to such operations on ma-
trices such as taking the adjoint (or transposition) and the multiplication.
In particular, it is usually required that

[A*]] = [|All,
and
|AB| < [|A[[||B].

Both the operator norm and the Frobenius norm satisfy these proper-
ties. For the operator norm it is essentially by definition and for the Frobe-
nius norm it is an exercise based on the Cauchy-Schwarz inequality. (See
Trefethen-Bau textbook, p.23, for a derivation.)

Another important property of these two norms is that they are invariant
relative to unitary transformations.

Theorem 9.1.2. For every m xXn matriz A and every unitary m X m matriz
Q, we have

1QAll2 = [[All2, and
1QAllF = [|A]lp-

9.2 Definition and existence of SVD

Recall that the motivation for the eigenvalue decomposition of a square ma-
trix A is to find a basis {v;}" ;, in which the linear transformation A has
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the simplest possible form: A : v; — A;v;. When we can find such decom-
position, it gives us an enormous insight in the properties of A. However,
there are some problems with this approach.

1. Matrix A must be square, that is, the linear transformation must be
an endomorphism: it maps the linear space to itself.

2. In many cases we encounter complex eigenvalues and eigenvectors

3. The basis of eigenvectors is not always orthogonal, which means that
it is not easy to measure distances in this basis.

4. The eigenvalue decomposition does not always exist and we need to
use the Jordan matrices instead of diagonal matrices.

These problems disappear for symmetric matrices but it is a big restric-
tion.

The SVD decomposition is a different approach to the study of properties
of linear transformations. Suppose A : R™ — R™. Then we look for two
orthonormal bases {v;}?" ; and {u;}", such that

Av; = o;u;, for all i < min{n, m}, (9.2)

where o; > 0 are some real non-negative numbers. If n > m we also require
that Av; = 0 for all ¢ > min{n,m}. (In fact this requirements is satisfied
automatically.)

In matrix form, this is equivalent to the following definition.

Definition 9.2.1. A singular value decomposition (SVD) of an m xn matrix
A is the following product
A=UXV™, (9.3)

where U is an m X m unitary matrix, V* is an n X n unitary matrix and
3l is an m X n diagonal matrix with real non-negative entries. That is, if
i # j then X;; = 0, otherwise ¥;; > 0.

The diagonal elements of the matrix ¥ are called singular values and
denoted o;. For a real matrix A all elements in matrices U and V can
be chosen to be real (so in particular, U and V are orthogonal matrices).
By convention, o1 > 09 > ... > o,. This is always can be achieved by
re-arranging columns of U and V.

The columns of matrices V and U are the orthonormal bases {v;}! ; and
{u;}7, that we introduced above and it is easy to see that property (9.2)
holds. Moreover, we also have the following property:

A*u; = ov;, for all i < min{n, m}. (9.4)
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Intuitively, for m > n, if A repre-
sent a linear transformation, then we
can write it as a rotation in R", rep-
resented by V*, followed by a map X

4 Z z a that stretches the result and imbeds it
Figure 9.1: Full SVD decomposi- isometrically to R™, and completed by
tion, m > n another rotation in R™, represented by

U.

In particular, this interpretation suggests that a unit sphere in R” will be
mapped to an ellipsoid in R™ and the half-lengths of the ellipsoid’s principal
axes will be equal to the singular values o; := ;.

The decomposition is clearly not unique if m > n. In the picture, the
portion of the matrix U selected by dashed lines will be multiplied by zeros in
the matrix 3. Therefore, this portion can be chosen arbitrarily. Intuitively,
we can rotate the orthogonal complement to the range of the map A in
arbitrary way.

If we want to remove this source of non-uniqueness, then it is useful to
define a reduced singular value decomposition. Assume that m > n
and that A is full rank, so that its range space has dimension n. Then the
reduced SVD is

A=USV*, (9.5)

where U is an m x n matrix that has an orthonormal set of columns. Matrix
Sisa square n X n diagonal matrix. And matrix V* is the same as in full
SVD, that is, it is an n X n unitary matrix.

In the reduced SVD, U is not is not
square (if m # n) and therefore it is
not unitary. However, U*U = I,. In-
tutitively, the matrix U is an isometric
embedding of R, in R,,. Its columns
give an orthonormal basis in the image
of this embedding. Figure 9.2: Reduced SVD decom-

The reduced SVD is still not unique. position, m > n

However, this non-uniqueness is mild.
It is up to permutation of certain columns and rows in these matrices and
up to multiplication of columns and rows by +1. It can be almost fixed by
requiring that o7 > 02 > ... > 0, and that the first elements in columns of
U and rows of V* are positive. In exceptional cases when some o; are equal,
some additional effort may be needed to get the uniqueness, however, this
rarely happens in practice.

N

b v
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OalUg

Figure 9.3: SVD decomposition of a 2 x 2 matrix

Geometric meaning of matrices U, X,V

If v1,v9,...v, are the columns of V', ui, us,...u, are the columns of U, and
o1,...,0p are the diagonal entries of X, then matrix A sends v; — o;u;. See
illustration in Figure 9.3.

The existence of the SVD decomposition

Here is Theorem 4.1 from Trefethen - Bau.

Theorem 9.2.2. Every matriz A has a singular value decomposition ).
Furthermore the singular values o; are uniquely determined. If A is square
and the o; are distinct then the corresponding column vectors in U and V
are uniquely determined up to a multiplication by a scalar that have absolute
value 1.

For the complete proof, see the Trefethen-Bau book. Here is a sketch of
the proof of the existence claim for m > n.

Proof of the existence claim. For concreteness, let us work with real matri-
ces.

We will use induction on the size of the matrix and leave the base of the
induction (the case when n = 1) as an exercise.

By a compactness argument, the supremum in the definition of the ma-
trix norm (ﬂ) is attained on a vector v1, and so there exist vectors u; and
vy such that u; = Avy /[|A|], |vi| =1, |ui| = 1. (In addition it can be proved
that for a real matrix A, the maximizing vector v; can be chosen to be real.)
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Let us define o1 = ||A4||, so we have u; = o1Av;. Complete the vec-
tors u; and vy to a pair of orthonormal bases {u;} and {v;} in R™ and
R™, respectively. Let U; and Vi be the matrices with columns u; and v;,
respectively.

Then from Avy = uw; we have that

01 w*
*
A = =
UfAV; =S [0 B]
We claim that in fact if the norm of A is attained on v1, then the vector w
must be zero.

Indeed, S is obtained from A by a multiplication by two orthogonal
matrices on both sides, so it has the same norm as A, that is, ||S| = o1.
Then, we notice that the first element of the vector

o1l _ |01 w* 01
][5 5] 2]
is 07 + w*w. Hence

01 2 * 2 « \1/2
> p—
HS[U}} H01+ww (o] + w'w)

o1
il
So [|S|| > (0% + w*w)1/2 , o it must be that w = 0.

Also note that || B|| < || 4]

However, then we can apply the induction hypothesis to the matrix B
and notice that it can be written as B = U, V5.

This leads to the decomposition

B 1 0oy O7[1 0]°, .,
ol gl 3 2] wf
which gives an SVD for matrix A. O

Note that in fact, the proof gave us more than the existence of the SVD.
It also showed that the largest singular value o1 equals to the maximum of
||Az|| subject to the constraint ||z| = 1, and that the maximum is achieved
at the right singular vector v;.

Moreover, by analyzing the proof, we see that oo = max ||Az|| subject

to ||z|| = 1 and an additional constraint = 1 v; and that this maximum is
achieved at vy. We can continue this and find that o = max ||Az|| subject
to the constraints that ||z|| = 1 and that z L span(vy,...,v5_1).
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9.3 Relation to eigenvalue decomposition

Previously, we learned that many matrices can be diagonalized and repre-
sented in the form A = X AX ! where A is the diagonal matrix of eigenvalues
and X is the matrix, whose columns are eigenvectors.

For general matrices, the connection between eigenvalues and singular
values is not straightforward. There is a bunch of inequalities between the
singular values and absolute values of eigenvalues.

The eigenvalue diagonalization is very useful when matrix A is symmetric
(or Hermitian in the complex case). In this case, all eigenvalues are real and
one can choose eigenvectors in such a way that they form an orthonormal set,
so that matrix X is orthogonal. This is very close to the SVD decomposition
and the difference is that some eigenvalues may happen to be negative, while
all singular values must be non-negative.

Theorem 9.3.1. If A is a symmetric nxXn matrix, then the singular values of
A are the absolute values of the eigenvalues of A, o; = |Ni|, fori=1,...,n.

Proof. In the case of symmetric (or Hermitian) matrices, we have the eigen-
value decomposition:

A =QAQ",

where A and @ are diagonal and orthogonal (or unitary) matrices, respec-
tively. We can easily convert it to the SVD decompositions by multiplying
some of the columns by —1,

A = Q|A[sign(A)Q%,

where |A] is the diagonal matrix with |A;| on the main diagonal and sign(A)
is the diagonal matrix with the diagonal entries sign(\;). We can also choose
the ordering of \; in such a way that its absolute values decrease: |\1| >
|A2| > ... > |An|- This decomposition shows that o; = |A;|. O

The proof also shows that in the SVD decomposition of a symmetric or
an Hermitian matrix, U = @ and V equals @) with some of the columns
multiplied by —1.

For more general matrices, we can still use the eigenvalue diagonalization
to calculate the SVD.

Theorem 9.3.2. Let A be an m x n matriz and t = min{m,n}. Matrices
A*A and AA* have the same sets of t eigenvalues with the largest absolute
value, and the t singular values of A are the square roots of these eigenvalues.
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Proof. Let the (full) singular value decomposition for A be
A=UXV",
where 3 is m X n matrix and U and V are orthogonal. Then,

A*A = V(S*E)V™,
AA* = U(SSHU*

where A* A is n x n matrix and A*A is m x m. The matrices X*> and X¥*
are diagonal and its first ¢ diagonal elements are o, ..., 0%

Hence the first ¢ eigenvalues of A*A with the largest absolute value are
the same as the first ¢ eigenvalues of AA* with the largest absolute value,

and both sets are equal to {0%,...,07}. O

Note that the proof also shows that V corresponds to eigenvectors of
matrix A*A. And U of the full SVD can be calculated as the matrix of
eigenvectors of AA*.

In the situation when m > n we are typically interested in the reduced
SVD and we can observe that A maps column vectors of V' to column vectors
of U (the U matrix of the reduced decomposition, except it stretches them by
the singular values. Hence, we can calculate u; = (1/0;)Av;. The situation
with o; = 0 is special. In this case one can simply take a unit vector u;
which is perpendicular to all other left-singular vectors. (See an example
below for an illustration.)

Note also that this theorem gives another proof of Theorem , since
for a real symmetric matrix A, we have A*A = A? and the eigenvalues of A2
are equal to the squares of eigenvalues of A. So, by Theorem , singular

values of A are equal to |/A? = |\;|, absolute values of eigenvalues of A.
Ezample 9.3.3. Find the (reduced) SVD decomposition of the matrix

A=1|-2 2
2 =2

We have

. [9 -9
wa= 5 5]

Then we can calculate the eigenvalues A\ = 18, Ao = 0. (This can be done
either by finding the roots of the characteristic polynomial, or by noticing
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that the matrix is singular, so one of the eigenvalues must be zero, and
finding the second one from the fact that the trace of the matrix is equal to
the sum of the eigenvalues.) Hence the singular values are o7 = V18 = 3\/5,
o9 = 0. The eigenvectors of A*A are v; = %[1,—1]* and vy = %[1,1]*.
These are right singular vectors.

We calculate the first left singular vector as
1 -1

1 1 221[1]_1
3V2 |9 | V2T 3,

3v2

up = AUl

Since o3 = 0, we can take any unit vector perpendicular to u; as the second

left singular vector. For example, us = %[2, 1,0]* will do.

So, one possible reduced SVD of A is

1/3 2/V5 {3\/5 0“1/\/5 1/v/2

A=1{-2/3 1/V/5
2/3 0 0 0| |-1/vV2 1/V2

9.4 Properties of the SVD and singular values

Theorem 9.4.1. Let A = UXV™ be the full SVD of A and let r be the

number of non-zero singular values. Then

range(A) = span{uy, ..., u,},
Null(A4) = span{v,41,...,0n},

where u; and v; are columns of matrices U and V' respectively. In particular
the rank of A equals r.

Proof. The matrices U and V are full rank orthogonal matrices. Essentially
they simply rotate R™ and R™. What is important is that the range(X) =
span{ey,...,e;} in R™ and Null(¥) = span{e,;41,...,e,} in R™. O

The operator and Frobenius norms of a matrix can be written in terms
of its singular values.

Theorem 9.4.2. Let 01 > 09 > ... > o, > 0 be non-zero singular values of
matriz A. Then,

[All2 = o1,
|AllF = /o2 + ...+ 02.
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Proof. Note that multiplication by an orthogonal (or unitary) matrix does
not change the norm of a vector. This implies that || A||2 = || X||2, and it is
easy to check that ||X||2 = o1. For the Frobenius norm, we calculate:

|A[|2 = Tr(A*A) = Tr((vz*U*)(Uzv*))
= Tr (VE*EV*) = Tr(Z*%),

where the last step is by the property of the trace: Tr(AB) = Tr(BA).
And the last quantity is easy to calculate:

Tr(Z*Y) =0 +... + 07

O]

Now let us consider the relation of eigenvalues and singular values to
the determinant. For eigenvalues, we have seen that det(A) = [, A\;. If
matrix A has an eigenvalue decomposition, then

det(A) = det(XAX 1) = det(X) det(A) det(X) !

n

= det(A) = [ M-

i=1

In general it follows because det(z] — A) = (z — A1) ... (2 — A,) by setting
z=0.

It turns out that we can also write a similar formula using the singular
values, except that we lose the information about the sign of the determi-
nant.

Theorem 9.4.3. For an m X m matrix A,
m

| det(A)| =[] o,
i=1

where o; are singular values of the matriz A.

Proof. By using the multiplicative property of the determinant, we write:
det(A) = det(UXV™) = det(U) det(X) det (V™)

Now we use the fact that the determinant of a unitary matrix has absolute
value 1. (This holds because (i) det(U)det(U*) = det(UU*) = 1, and (ii)
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det(U*) = det(U). Hence |det(U)|?> = 1, and therefore |det(U)| = 1.)
Therefore

| det(A)| = | det(D)| = [ ] 0.
=1

9.5 Low-rank approximation via SVD

The SVD is useful because it allows us to construct low-rank approximations

to a matrix which are optimal both in the Frobenius and operator norms.
Given an integer v > 1, a rank-v approximation to a matrix A in a

norm || - || is a matrix B that has rank v and minimizes the norm of the

difference A — B.

Theorem 9.5.1. Let an m X n matriz A has rank r, and let A = UXV™ be
its SVD, with o1 > 09 > ... > o,.. Then

14
A, = E 0 U V;
Jj=1

s a rank-v approximation to A in the operator norm. Moreover, for v <r
the error of the approximation

inf A—B|=||A- A, = opi1.
B:ranll?(B)gy H ” H || Ov+1

(Forv>r, A, =A.)

Proof. Suppose that there is some matrix B with the rank < v, which
outperform A,. Namely, suppose that |A — Blls < ||A — Au]l2 = op41.
Since the matrix B has rank < v, therefore its null-space W has dimension
> n — v. For every vector in w € W, we have

[Aw[| = [[(A = Bjw|| < ovpaflw].

On the other hand, if V is the linear subspace spanned by the first v + 1
singular vectors of A, then we have that for every v € V,

[Av][ = oy a]jo]-

(Exercise: Prove this statement.) Since the sum of the dimensions of W
and V exceeds n, they must have a non-zero vector in common. This gives
a contradiction. O
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An analogous result holds also for the Frobenius norm.

9.6 Principal Component Analysis (PCA)

The singular value decomposition is often used in data analysis for dimension
reduction. The basic idea that we are trying to approximate a matrix of data
with a low-rank matrix.

Suppose X is the matrix of data. The rows of this matrix are data
points and the columns give values of various variables (also called features)
for these datapoints. For example, rows can correspond to different individ-
uals and columns to different characteristics of the individual. For another
example, rows can correspond to dates and the columns to different financial
stocks while the entries are the stock returns recorded on that day.

One statistical technique to analyze data X is called the principal com-
ponent analysis. It is essentially the SVD of matrix X.

If we write the reduced SVD of m x n matrix X: X = UXV™* then the
j-th column of matrix V is called the j-th principal component and its
elements are called the loadings of the the j-th component.

The elements of the j-th column of matrix U are connected to the
“scores” of the j-th principal component for a particular observation. So
for example, o;U;; is the score of the j-th component for i-th observation.

We can also write:

X=Usv'=> ol (v™)", (9.6)
k=1

where u*) and v*®) are k-th columns of the matrices U and V, respectively.
In particular the scores of the k-th principal component can be calculated
as

rru® = Xp®),

which means that the vector of scores for k-th component is a linear com-
bination of columns of X (“features”), with coefficients given by entries of
the vector v®) (“loadings” of k-th component).

In components, this can be written as

T

Lij = Zakuikvjk
k=1

where i =1,...,mand j=1,...,n.
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Note that V is the matrix of eigenvectors of matrix X*X which has
the meaning of the empirical covariance matrix for the data. Statistically
one can think about the first column V (i.e., the first eigenvector) as the
coefficients of the linear combination of variables that has the largest vari-
ance (that is, for which the quadratic form v*X*Xwv achieves its maximum,
assuming that v has unit length. In other words this column gives the coeffi-
cients of the linear combination of characteristics with the largest variation
across individuals.

Similar interpretations can be given for other columns of matrix V.

Often for visualization purposes only the first two principal components
are used and the observation vector z;1,...x;, is replaced with the scores
on the first two principal components: o1U;; and ooU;o.

We also know that the best approximation to the matrix X with rank r
is given by

X=Usv*=> o) (v®)", (9.7)
k=1

where the sum in (@) is cut at r < n. This is the basis for the dimension
reduction technique when X is replaced with the matrix of the scores for
the first » components, that is with matrix whose columns are opu® | k=
1,...,7.

This technique is very popular. One example is the data on financial
stock returns. It turns out that the empirical covariance matrix exhibit
three important factors (which are principal components with large singular
values).

9.7 Condition Number

Let y = Ax, where A is an m xn matrix. In applications it is often important
to know whether small changes in input can lead to big changes in output,
and it is often useful to measure the size of the changes in relative terms.
Then we define a relative condition number at input z, as

|A(e + 62) — Az] 5] JAsz])7 ]
k(x) := sup =
(@)= sup [F== =] = s |

]
By definition of the operator norm we see that

]

(@) = 14l
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Now sometimes we want a bound on the relative condition number which
would be independent of the input. Let us assume that A is a square
non-singular matrix.

Then we have

=l _ AT Ax|

= < [lA7h).
[ Az| | Az]|

Hence, we have x(x) < || Al|||A7Y].

Theorem 9.7.1. Let A be a square non-singular matriz and consider the
equation Ax = b. The problem of computing b, given x, has the relative
condition number

x _
Izl apgay,

oy =

with respect to perturbations of x. The problem of computing x, given b, has
the relative condition number

_ b _
W= A apay,
|

with respect to perturbations of b.

Proof. We proved the first part above. For the second part, note that we
can re-write the problem of computing x given b as A~'b = z, and then we
can apply the first part. O

We know that ||A]| = 01(A) and ||[A~!|| = 1/0,, where 01(A) and o, (A)
are the largest and the smallest singular values of A. So we can write a
bound k(z) < o1 /0.

The first part of this theorem can be easily generalized to non-square
matrices. Indeed, if the matrix A is m x n with m > n, then we can
replace A~! in the arguments above with the pseudo-inverse A1, and then
k(@) < [AIIA*] = 01/

The quantity oy /0, is called the condition number of the matrix A.
It is a universal bound for the relative condition number x(x) which is valid
for all inputs x # 0.

In fact this number also controls the sensitivity of output to perturba-
tions in the matrix.
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Theorem 9.7.2. Let b be firted and consider the problem of computing
x = A~'b, where A is square and nonsingular. The relative condition number
of this problem with respect to perturbations in A is

o1(A)
on(A)

Proof. 1f we perturb A in the equation Ax = b, we find that

k= [AlIATY) =

(A+6A)(z +6z) = b.

By using the equality Ax = b and dropping the second order term §Adzx,
we find (§4)z + Adx = 0, or x = —A~Y(§A)z. This implies that ||dz| <
| A=H[|6A]|||lz||, which we can re-write as:

1ozl _
Nl =

This shows that the relative condition number is bounded from above by
A A=),

In fact it is possible to show that the bound is achieved for some §A.
We omit the proof of this fact. See the book by Trefethen and Bau for
details. O

0A]

AllllA— 1 |
< JAllA T

9.8 Exercises

Ezercise 9.8.1. Determine the SVDs of the following matrices (by hand cal-
culation):

@y 5ol 3@ § § @l o] @ 1|

(Note that the answers can be different up to some multiplication of columns
of U and V by £1.)

Ezercise 9.8.2. Determine the SVD of the following matrix (by hand calcu-

lation):
1 10
A= [0 1 1] '
Ezercise 9.8.3. Example 3.6 in Trefethen-Bau shows that if A is an outer
product of two vectors A = uv?, then ||Alls = ||ul]2]|v||2, where || - ||2 denotes
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both the 2-norm on vectors (the usual Euclidean norm) and the correspond-
ing induced operator norm on matrices.

Is the same true for the Frobenius norm, that is, is ||A||r = ||u||r||v|| F?
Prove it or give a counterexample.

Ezercise 9.8.4. Let A be an m X n matrix, m > n. Prove that ||[A||r <
V|| All.

Ezercise 9.8.5. Suppose A is an m X n matrix and B is the n X m ma-
trix obtained by rotating A ninety degrees clockwise on paper. Do A and
B have the same singular values? Prove that the answer is yes or give a
counterexample.
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Chapter 10

Bilinear and Quadratic
Forms

10.1 Bilinear and quadratic forms. Congruence

A Dbilinear form is a map that sends a pair of vectors to a number, B :
R™ x R™ — R. This map is required to be linear in both arguments:

B(aix1 + asxa,y) = anB(x1,y) + coB(x2,y)
B(x,ony1 + asyp) = a1 B(x,y1) + aaB(z, y2)

A bilinear symmetric form has an additional property B(z,y) = B(y, x).

Remark: the bilinear forms can be defined for arbitrary fields. In case
of the complex numbers, another concept is also useful, the concept of Her-
mitian forms, when B(Az,y) = AB(z,y), B(z,y) = B(y,z) which implies
B(z,\y) = AB(z,y). (So, the Hermitian form is linear in the first argu-
ment and “conjugate-linear” or antilinear in the second argument.) In the
following, we focus on bilinear forms.

For a bilinear form, one can define a quadratic form Q(x) = B(x,z).
Conversely, if we are given a quadratic form @Q(x) then we can define a
symmetric bilinear form as B(z,y) = [Q(z +y) — Q(z — y)]/4.

To every bilinear form B(z,y) we can associate a matrix B;; = B(e;, e;).
If the bilinear form is symmetric then the matrix is also symmetric. If
r = [x1,...,2,]" in the standard basis, then the bi-linearity of the form
implies that

B(z,y) = 2'By.
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We can also approach this topic from another, more elementary an-
gle. Quadratic form in variables x1,...,x, is a polynomial Q(x1,...,x,)
whose monomials have the degree exactly 2. That is, it is a homogeneous
polynomial of degree 2, and we can write it as

n
Q(l‘l, cey xn) = Z b”a}? + 2 Z bl-ja?ixj.
=1

1<i<j<n
We can write this expression using matrices:
Q(z) = z' B,

where B is a symmetric matrix with entries B;; = Bj; := B;;. In this section
we assume that B;; are real.

This matrix B is exactly the matrix of the symmetric bilinear form that
corresponds to quadratic form Q.

Ezample 10.1.1. What is the matrix for the form: 2% + 323 + 522 + 4129 —
16x123 + Txoxs?

If we change the variables * = Ry, where R is an invertible matrix, then
in the new variables this form will be

Q(y) = y'R'BRy.
The transformation
B — R'BR

is called the congruence transformation on matrices. Compare this with
the similarity transformation B -+ X 'BX.

We are interested in the properties of quadratic forms and associated
matrices which do not depend on the change of variables, that is, which are
invariant with respect to congruence transformations.

The main fact here is that every symmetric matrix B can be brought to
the diagonal form by a suitable congruence transformation. In fact, there
are many congruence transformations that accomplish this task. The most
straightforward method is based on orthogonal diagonalization. Indeed,
since B is a real symmetric matrix we can write it as

B = QAQ",

where () is an orthogonal matrix. Hence,
Q'BQ = A,

and we are done.
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Ezample 10.1.2. Consider the quadratic form Q(x) = 2% + 2x129 + 223
Bring it to the diagonal form.

There are some other methods, which are simpler computationally and
involve only algebraic operations.

One of them is based on elementary row and column operations. Suppose
that we reduce B by row operations to the upper-diagonal form as we did in
the algorithm for LU decomposition. Note that B is symmetric and so when
we perform row operations in the row reduction procedure, we can also do
analogous operations on columns. As a result we will get a decomposition
of the matrix B:

B =LDL!,
where L is a lower-triangular matrix with ones on the main diagonal and D

is the diagonal matrix with the pivots on the main diagonal.

Example 10.1.3. Let us find a “congruence” diagonalization of a matrix B
by using the algorithm that we just described. We are looking for C' such
that C*AC = D, where D is diagonal and C is non-singular. Let

1 2 =3
B=|2 5 -4
-3 -4 8

Then, we can do the following sequence of row and column transformations.
[We perform column operations only on the left hand side of the augmented
matrix.|

1 2 -3 100 , 2 -3 ] 1 00
2 5 —4 | o0o1ol =20 1 2 | =210
3 —4 8 | 00 1 3 -4 8 | 0 01
oo L o3 1 00 10 -3 1 00
=l 1 02 | —2 1o BB 01 2 | 210
32 8 | 0 01 02 -1 ] 3 01
e [LOO L 00 L0 0 [ 1 0 0
Gt g1 2 | —2 1 0] B2 001 2 | —2 1 0
02 -1 ] 3 01 00 5| 7 -2 1
10 0 | 1 0 0
G2 o1 0 | -2 100
00 -5 | 7 -21




This means that

1 0 0 10 0
c*=|-2 1 o/, D=]0o1 0
7 -2 1 00 -5

(From the practical point of view it is enough to do the row operations,
the column operations are done only to illustrate that the matrix is indeed
reduced to the diagonal form.)

Note that this algorithm fails if one needs to do an exchange of rows as

0 1
A=
(In this case one can proceed by introducing the non-zero element by a row
operation. For example:

for example for matrix

0 1 | 1 0] B3R [1/2 1 | 1 1/2
1 0] 01 1 0] 0 1
Ci+3C2 [1 1 | 1 1/2
10 ] 0 1

but the resulting matrix C* is no longer lower-triangular.

10.2 Positive definite forms

Let @ be a quadratic form and A a corresponding symmetric matrix: Q(z,z) =
2t Azx. (I have changed the notation from B to A here, sorry.) A quadratic
form @ and the corresponding matrix A are called positive definite if
Q(z) = ¢t Az > 0 for every x # 0. It is clear that this property does not
depend on the change of variables, so for invertible matrices R, matrix A is
positive definite if and only if matrix R'AR is positive definite.

In applications it is often needed to check whether a matrix is positive
definite. In particular, @Q(x) has a strict minimum at 0 if and only Q() is
positive definite. We can check whether a quadratic form is positive-definite
by using one of the criteria given by the following theorem.

Theorem 10.2.1. Suppose Q(x) = x' Az where A is a real symmetric ma-
triz. Then, each of the following tests is a necessary and sufficient condition
for the form Q(x) to be positive definite:
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1. All the eigenvalues of A satisfy A; > 0.

2. A can be reduced to the upper diagonal form without row exchanges
and all the pivots (without row exchanges) satisfy dy > 0.

3. All the upper left k x k sub-matrices Ay have positive determinants.

Proof. Matrix A is real symmetric, so we can write an orthogonal diago-
nalization: A = QAQ?, so A is positive-definite if and only if A is positive
definite, and the form for A is Q(x) = A3 +... \,22, and so it is clear that
it is positive definite if and only if \; > 0 for every 1.

Next, we are going to prove that if A is positive-definite, then (2) holds.
We perform the algorithm described above. At every stage, after we perform
a row operation and a corresponding row operation, the matrix remains
positive definite. In particular, there can be no zero elements on the main
diagonal, so a row exchange is never required. Eventually, we will get a
diagonal matrix and all the diagonal elements dj (pivots) must be positive.

Conversely, (2) implies that the matrix A is positive-definite. Indeed,
condition (2) implies that we can find a decomposition of the matrix A:

A=LDL!,

where L is a lower-triangular matrix with ones on the main diagonal and D
is the diagonal matrix with the pivots on the main diagonal. Since dj > 0,
it follows that A is positive definite.

Finally we claim that (2) is equivalent to (3). Indeed, the row operations
do not change the determinants of Aj. So if (2) holds then all of these
determinants must be positive: det(Ax) = dy...d. Conversely, if all of
these determinants are positive, then the row exchange is never required
(otherwise, one of the determinants at this stage would be equal to zero) and

all pivots must be positive (or one of the determinants would be negative.
O

Another useful fact is that a positive definite matrix A can be factorized

as R'R.

Theorem 10.2.2. The symmetric n X n matriz A is positive definite if and
only if there is a non-singular n matriz R with independent columns such
that A = R'R.

Proof. Suppose A = R'R, where R is non-singular. Then, 2t Az = (Rz)!Rx =
||Rx|| > 0. If this quantity is zero, then Rx = 0, hence x = 0 because R is
non-singular.
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In the other direction, we can write A = LDL!, where L is lower diagonal
and D is a diagonal matrix with positive entries on the diagonal. Then
we can take R = \/ﬁLt, and observe that the columns of R are linearly
independent. 0

The decomposition A = R'R, where R is upper-diagonal is often called
the Cholesky decomposition of a positive definite matrix.

10.3 Law of Inertia

What can be said about more general situation, when the form Q(x) repre-
sented by a symmetric matrix A is not necessarily positive definite?

It turns out that in this case, it can be reduced by a suitable change
of variable to a form represented by a diagonal matrix that have only 41
or 0 on the main diagonal. Moreover, the number of positive, negative and
zero items on the main diagonal of this diagonal matrix does not depend
on the particular choice of this change of variables. This statement is called
Sylvester’s law of inertia and it follows from the following result.

Theorem 10.3.1. Let A be a real symmetric matriz and C' be a real invert-
ible matriz. Then, matriz C*AC has the same number of positive eigenval-
ues, negative eigenvalues, and zero eigenvalues as A.

So we can define the signature of a quadratic form as a triple (ky, ky, ko),
where the k,, k,,, and kg is the number of positive, negative and zero entries
on the main diagonal of any of these diagonal matrices. (Sometimes k), — ky,
is also called the signature of the form.)

Proof of Theorem . We give a sketch of a proof for a simpler situa-
tion in which A is non-singular, so we do not need to worry about zero
eigenvalues.

Let C(u), u € [0,1], be a family of matrices such that C(0) = C, C(1) =
@, where @ is an orthogonal matrix, and C(u) is never singular. (We will
prove that it is possible to find such family of matrices below.) Then the
matrix C'(u)*AC(u) is never singular, so its determinant is never zero, and
therefore, its eigenvalues are never zero. In addition, the eigenvalues of
C(u)*AC(u) are continuous in u. (We skip the proof of this claim.) It
follows that they can never change sign, when u changes from 0 to 1, and
therefore, the number of positive eigenvalues of C*AC is the same as the
number of positive eigenvalues of Q*A(Q. However, Q*AQ has the same
eigenvalues as A.
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In order to prove that there is a required C'(u) we can take @ from
the QR decomposition C = QR. We choose the decomposition in such a
way that R has positive entries on the main diagonal. Then we can write
C(u) = Q(ul + (1 — u)R), and this matrix is always non-singular because
the matrix (uI +(1- u)R) is upper-diagonal and has positive entries on its

diagonal.
O

10.4 Rayleigh quotient

Rayleigh quotient is an important way to characterize eigenvalues as the
maximum of a quadratic form.

In order to motivate this property, note that the largest singular value
01(A) equals the norm of the matrix A, which is the maximum of the quo-
tient

| 4]
e

over all possible non-zero x. The corresponding left singular vector is the
vector at which this maximum is achieved. The square of this expression
can be rewritten as

|4zl (Aw,Az) (v, A" Aq)

> (z2)  (22)

Hence the square of the largest singular value is the maximum of the
expression (z, A*Az) given that (z,x) = 1.

The Rayleigh quotient is a modification of this idea, which focuses on
eigenvalues instead of singular values. By definition, the Rayleigh quo-
tient of a vector « is the ratio:

Theorem 10.4.1 (Rayleigh-Ritz). If a symmetric matriz A has eigenvalues
Al > Ao > ... > Ay, then A\ and A\, are the maximum and the minimum,
respectively, of the Rayleigh quotient R(x) over all x # 0.

Proof. We need to check that

Mn(z,2) < (2, Az) < A\ (2, 2) (10.1)
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holds and that the bounds can be achieved by a suitable choice of z # 0.
The inequalities hold because A = UAU* and so

(z,Az) = (U*z, AU*z) = My + ... + M2

where y = (y1,...,yn)* = U*z. The last expression is between \,||y||? and
A1 ||y]|? and we know that ||y||? = ||z||?.

It is also clear that the bounds in the inequalities () are achieved
if we set x equal to the eigenvectors corresponding to eigenvalues A\; and
An.- O

For example, for the largest eigenvalue we have

A = max (2, Az)
o£0 (x, 1)

Alternatively we can write:

A1 = max (z, Az),
z:||z||=1
and the maximum is achieved on an eigenvector of A that corresponds to
the eigenvalue A;.

Note that if Q(x) is the quadratic form associated to the symmetric
matrix A, then this gives us ability to find the maximum of Q(x) on the set
of all vectors x that have unit length.

Similarly, for the smallest eigenvalue we have:

An = ﬂnl”n 1(.%', Al’),

and again the minimum is achieve at the eigenvector that corresponds to
the smallest eigenvalue A,,.

Corollary 10.4.2. The diagonal entries of any symmetric matriz are be-
tween A1 and A,,.

Proof. This is a consequence of Theorem because the diagonal entry
a;; = R(e;), where e; = (0,...,1,...,0) is the i-th coordinate vector. d

Characterization of the largest and smallest eigenvalues as the maximum
and minimum, respectively, of a quadratic form can be extended to interme-
diate eigenvalues. Let Vi_1 be the space spanned by orthonormal system of
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eigenvectors ui, us, . .. ug_1 that correspond to eigenvalues A, Aa, ..., Ag_1.
Then,

pY— R(x).
F= ey R(@)

In order to see this, note that the space Vkl_ , orthogonal to Vj,_1 is invariant
under the transformation A and spanned by the eigenvectors corresponding
to the eigenvalues Mg, ..., A,. Then the desired result can be obtained by
restricting the linear transformation A to the linear space Vk{ , and applying

the Rayleigh-Ritz theorem to this restriction.
For example, the second eigenvalue of A gives the following maximum:

Ay = max (2, Az)
z#0,zLuy (a;,x)

)

where u; is the first eigenvector corresponding to A;. Alternatively we can
write this expression as
Ao = max (z,Ax).
z:||z||=1,x Luy
The maximum is achieved at us, an eigenvector that corresponds to As.
A useful extension of this result is the Courant-Fisher Theorem. It says

that instead of explicitly choosing Vj as the span of the first k eigenvectors,
one can solve a minmax problem.

Theorem 10.4.3 (Courant-Fisher). If a symmetric matriz A has eigenval-
ues A\1 > Ay > ... > A\, then for 1 < k <n,

A =min  max R(x),
Vie—1 2#0,2 1V

where the minimization is over all k — 1 dimensional subspaces Vi_1, and

A =max min  R(x),
Va—k 2#0,2 LV, i

where the mazximization over all n — k dimensional subspaces V,,_y.

The difference (and the benefit) of this theorem from our previous consid-
erations is that it does not define Vj,_1 as the span of eigenvectors uy, ..., ur_1
but allows V;_;1 to run over all possible £ — 1 subspaces and chooses the
“worst” possible subspace. The worst here means that it leads to the small-
est of the maximal Rayleigh ratios. (The second expression is similar but
the maximum and minimum are exchanged in this expression.)
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The Courant-Fisher Theorem allows proving several important theoret-
ical results. One of the most useful is a theorem by Hermann Weyl. Let us
write A\j(X) to denote the eigenvalues of an Hermitian matrix X arranged
in decreasing order.

Theorem 10.4.4 (Weyl). Let A and B be two Hermitian n X n matrices.
For each k =1,2,...,n, we have

Ae(A) + An(B) < Ap(A + B) < A(A) + A1 (B)

Proof. For every vector x, we have

!Bz
Hence
‘(A+ B
Ax(A+ B) = min max M
Vi1 2l Vi_1 T
) {a:tAx xth}
= min max
Vi12lVi_1 L 2tz Ttz
< mi [”’tA‘” +A (B)} A(A) + M (B)
min max = .
T Vi1 cl Vi 4 $tl' ! k !

(In all maximizations over x it is assumed that = # 0.) The lower bound
can be established similarly. O

Corollary 10.4.5. If matriz B is non-negative definite, then all eigenvalues
of A increase when we add B:

M(A+ B) > M\ (A)
Another impor-

tant and surprising
Azl A) Aa(A) Ar(A)

@ o— oo = result is as follows.
MA+B) MA+B) MiA+B) '
Theorem 10.4.6 (in-
Figure 10.1 terlacing of eigenval-

ues I). If the matriz
B is mnon-negative
definite and has rank 1, then

Met1(A) < M1 (A+ B) < Mi(A),

where k = 0,...,n — 1, with the convention that \o(A) = +oo.
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In other words the rank-one perturbation of matrix A cannot move the
internal eigenvalues too much. This is illustrated in Figure .

Proof. Note that \x(A + B) > Ax(A) holds by Corollary , so we only
need to prove the other inequality.

By the eigenvalue decomposition, every non-negative definite symmetric
rank 1 matrix can be written as a outer product of a vector with itself. So let
B =vvl. For 1 <k <n — 1 we write the following sequence of inequalities
(where = # 0 always):

LA t gt
Ai(A) = min max T(A+ m: vv)
Vi—1zl Vi xtx

2'(A+ B —vol)zx

> min max

T Vi1 2lVi_q,xlo ztz
) (A + B)z
=min max —————
Vi1 2L (Vi_18H(v)) T'Tr
¢
. Tzt Ax
> min max ——— = A\y11(A4 + B).

Vi xlVg .'Etl‘

The inequality in the second line of this display holds because we added a
new constraint to the maximization problem. The second inequality holds
because in the constraint we used arbitrary Vj instead of those V. that

required to include v.
O

A closely related result is as follows.

Theorem 10.4.7 (interlacing of eigenvalues IT). Let A be a Hermitian n xn
matriz, and let A" be its (n — 1) x (n — 1) upper-left principal submatriz.

AM(A) > A (A) > Xa(A) > M(A) > o> N1 (A) > A (A).

(In fact the result holds for any A’ which by removing k-th column and
k-th row from A, where 1 < k < n.)

Ezample 10.4.8. The matrix

A=|-1 2 -1
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has eigenvalues A\(A4) = 2++/2, A2(A) = 2, and A\3(A) = 2—+/2, and matrix
, 2 -1
=5

has eigenvalues \j(A’) = 3 and \2(A’) = 1, and as the theorem claims, we
have:

24v2>3>2>1>2-2.

It is also interesting that if the eigenvalues of n X n symmetric matrices
A and B are known, and n is large, then one can calculate approximately
the distribution of eigenvalues of the matrix A + UBU™*, where U is a ran-
dom unitary matrix. This was one found recently (around 20 years ago) in
research that comprised the study of random matrices and results from a
field in functional analysis called free probability theory.

10.5 Exercises

FEzercise 10.5.1. Let

1 -3 2
A=|-3 7 =5
2 -5 8

Find a nonsingular real matrix C, such that D = C*AC is diagonal, and
find sign(A), the signature of A.

Ezercise 10.5.2. Determine whether each of the following quadratic forms @
is positive definite:

(a) Q(x>y> Z) = x2 + 2y2 —drz — 4yZ + 7252.

(b) Q(z,y,2) = 2% +y? + 222 + dyz + 322
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Chapter 11

Hints to Exercises

Chapter @
. (Ex. ) Take for v,41 any vector that cannot be represented as a
linear combination 22:1 a v and show that the system vy, va, ..., v, Vpp1

is linearly independent.

o (Ex. ) Consider W = span{w;, w2, ws}. Is this subspace spanned
by {vi,v2,v3}? What can you say about its dimension under the
assumption that v1, ve and wvs are linearly dependent?

. (Ex. ) For 1. and 2., first show that 0 is the only element that
satisfies equation x + x = x.

o (Ex. ) Add vectors w; one by one to the beginning of the list of
vectors. After each addition, remove a suitable vector v;,. Make sure
that you never need to remove a vector wy, which have already been
added.

Chapter

o (Ex. ) You can do the exercise by a direct argument, using the
facts from the previous chapter, in particular, that every basis must
have n elements. Alternatively, you can write vectors v1,...,v, in a
standard basis as columns of a matrix and argue that the claim follows
from the rank-nullity theorem.

. (Ex. ) Let {wi,...,w,} be new vectors. Write the matrix L
that has columns {wq,...,w,} written in the basis {vi,...,v,} and

check if it is full rank.
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o (Ex. What is the rank of A? Use Theorem .

o (Ex. ) Let Ly, ... L1A = B, where B =rref(A),and Ly,...,Lm
are elementary row transformations. Can you find the left inverse for
B? Can you use it to write down the left inverse for A?

o (Ex. ) Recall how Tr(XY') and Tr(Y X) are related.

Chapter @
o (Ex. ) Are AB and BA similar?

Chapter H

. (Ex. ) Is 0 an eigenvalue of 77 What can be said about the
dimension of ker 7%~1? What can be said about the dimension of Ey?
Then, use Theorem .

. (Ex. ) If 0 is not an eigenvalue, the claim is true (why?). If 0 is
an eigenvalue, what can be said about the dimension of the generalized

eigenspace EO? Now note that ker T* ¢ Eo and use Theorem .

Chapter E
o (Ex. ) The nullspace of the relevant matrix is

3
5, 3
- -1
Ker = -1 =(|-5
0 0
1 5

and the vectors in the subspace have to be orthogonal to this nullspace.
(Note that the rref and the basis of the nullspace can be conveniently
calculated using the sympy package in Python. The relevant methods
are “rref” and “nullspace”.)

o (Ex. 6.5.5) Here is how one can proceed without actually calculating
Po.

We want to use a consequence of Plancherel’s identity. Namely, if ¢1, g2
is orthonormal basis, then the projection is Pv = c1q1 + c2q2, and by
Pythagorean theorem

lol? = 1Pvll* + llv — Pol%,
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SO
lv = Pol|? = |Jo]|? = || Po[* = [[o]* - ¢f - 3.
We need a formula for ¢;. It is

G = </U7 vi> ;
[[vil

(check that you understand it), and the final formula is

<U’Ul>2 <U,U2>2
v — Po|* = ||v||* — - :
o1 |2 [va]|?

Answer: the distance is \/%.

Chapter B

+ (Ex. [13.2)

To prove the equality ker A = ker(A*A) one needs to prove two inclu-
sions ker(A*A) C ker A and ker A C ker(A*A). One of the inclusions
is simple (which one?), for the other one use the fact that

|Az|l2 = (Azx, Az) = (A" Az, z)

(Ex. ) One can use results from the previous exercise.

(Ex. [1.4.8)

First prove that F? = I and F* = F (by using the definition of the
adjoint operator for the latter). Then check if E = (I + F')/2 satisfies
the properties of the orthogonal projector.

For the matrix entries Fj;, the Kronecker delta notation can be useful:
5Z‘j:1ifi:j andéij:Oifi;&j.

Chapter B

. (Ex. ) Show that AB has the same eigenvalues as AY/2BA/2.
Then show that AY2BAY/? is positive semidefinite. Argue that this
implies that AB + [ is invertible.
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