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Abstract A necessary condition is derived that helps to determine whether an
entangled quantum system can improve coordination in a game with incomplete in-
formation.
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In a recent surprising development, game theory has been applied to conflict
situations in which outcomes depend both on participants’ actions and on results of
a quantum system measurement. These conflict situations have been named quantum
games.! The potential usefulness of a quantum system stems from the fact that mea-
surements of two remote quantum particles exhibit a correlated behavior that cannot
be reproduced using classical correlation devices. Indeed, it turns out that in certain
games the players can improve coordination of their actions using these quantum
correlations. Here we derive a necessary condition for this to be possible.

Let us use the probability space (2, X, ) that consists of the interval 2 = [0, 1],
the sigma algebra X of Borel subsets in €2, and the Borel-Lebesgue measure fi.
Definition 1 A coordination game with incomplete information, G, is defined by (i)
random variables ¢4, ¢, x4, and x 5 which take values in finite sets ® 4, ®p, X 4, and
X B, (ii) finite sets 2 4 and 2Ap, and (iii) a function U that maps ®4 x ®p x A4 x Ap

I See seminal papers by Meyer (1999) and Eisert et al. (1999), and further developments in Benjamin and
Hayden (2001), Kay et al. (2001), Lee and Johnson (2003a,b), Landsburg (2004), Brassard et al. (2005),
Chen and Hogg (2006), and Patel (2007).
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to real numbers. R.v. ¢4, ¢p are called fypes of players A and B, r.v. x4, and xp
are called signals of players A and B, elements of 2{4 and 2y are called actions of
players A and B, and U is called the utility function. The strategies of the game G are
elements of finite sets [QIA]CDA *X4 and [QlB]d)B *XB  That is, a strategy of player A,
54,1s amap from &4 x X4 to A4. Similar, a strategy of player B, sp, is a map from
®p x Xp to Ap. The players’ payoffs are the expected utilities if strategies s4 and
sp are played:

g (SA,SB) = A (SA, SB)

= :/U[SA (pa(@), x4(@)) , s (pB(®), xp(®)) , pa(®), pp(®)]dp ().
Q

Note that we assume that the players’ payoffs are equal in this game, so there is no
conflict of interest between players. We will denote the payoff function as  (s4, sp)
(without subscript).

The interpretation of the game is that player A observes realizations of r.v. ¢4
and x4, player B observes realizations of r.v. ¢p and xp, and then they choose
actions from sets 24 and 2p. Random variables ¢4 and ¢p are external informa-
tion provided to them, and x4 and xp are information obtained by the measurement
of a quantum system. The players’ utilities from playing a4 and ap are given by
ug = up = U (aa,ap, @4, 9p), Where o, € Pa, op € Pp, as € Ay, and
ap € Ap. (Throughout the paper a bar on top of a symbol means that this is a value of
the r.v. corresponding to the symbol.) Note that the utilities and payoffs do not directly
depend on the realization of signals x4 and xp, so these r.v. only help the players to
coordinate their strategies.

Using two variables to describe information available to a player is a departure
from the standard model, in which a player’s type consists of all information that
the player gets (see, e.g., Harsanyi 1967 or Fudenberg and Tirole 1991). However,
in our model random variables ¢ and x play quite distinct roles and it is convenient
to have special names for them. Essentially, ¢4 and ¢p describe information that
players get externally. The generation of this information cannot be changed by them.
In contrast, x4 and xp are chosen by players. They are outcomes of a quantum system
measurement, which can be chosen by players depending on realizations of ¢4 and 5.
We assume that the players agree on details of the measurement and therefore on the
distribution of r.v. x4 and x p before playing the game. The ability of players to choose
the distribution of signals means that they are initially faced with a family of games,
which have a fixed distribution of types but varying distributions of signals. The task
of the players is to choose a game with the distribution of x4 and xp that will provide
them with the largest equilibrium payoff.

Signals x4 and xp can be used for coordination of actions, communication of
information about types, or both. Since signals x4 and xp are results of a measurement
of a physical system that exists at locations of both A and B, therefore, x4 and xp can
reflect the messages that players A and B each send to the other. For example, suppose
A has at her disposal a communication channel that allows her to transmit any message
to B. Suppose also that A and B have agreed that A will transmit a message about her
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type. We can model this communication scheme by postulating that xg = ¢ 4. In terms
of probability distributions, this communication channel is described by a probability
distribution of types and signals that satisfies the property P {xp # ¢4} = 0. The
idea that all the properties of a communication channel can be described by the joint
probability distribution of inputs and outputs goes back to Shannon (see Shannon
and Weaver 1999). Of course, in our case the perfect communication channel is not
available and we focus on a specific class of the probability distributions that could
arise from a measurement of a quantum device.

To reiterate, the types ¢4 and ¢p are inherent and cannot be changed by players.
In contrast, the communication scheme and the corresponding distribution of signals
x4 and xp are at the disposal of the players subject to constraints imposed by physical
properties of the communication channel. Once the communication scheme is fixed
we have a game with incomplete information as defined above. However, the choice of
the communication scheme will be modeled not as a game but as a decision problem
that players must solve before starting the game. This formulation is possible because
the players do not have a conflict of interest and seek to choose the communication
scheme so as to maximize their common equilibrium payoff in the ensuing game.

Definition 2 A Bayesian Nash equilibrium of coordination game G is such a pair (s,
sp) that forall s4, sp, ™ (sl’g, SZ) > (s/’g, sB) and 7 (sj‘, sz) > (sA, SZ) .
Lemma 1 Let s and sy, be the strategies that maximize 7 (sa, sg) . Then (s, s3) is
a Bayesian Nash equilibrium of coordination game G.

Proof is by direct verification.

Let SEA»EB,EA,YB = {(,() cQ: QOA((,()) = aAv QOB((U) = ¢B7

x4(@) = X4, xp(®) = Xp}.

Definition 3 The distribution function of the r.v. g4, ¢p, x4, and xp is a map from
Dy x Pp x X4 x Xp to R defined by

Pon.opxaxs @a @5, X4, XB) = 14 (Sp, 5,.%4.55) -

To lighten the notation, we write p (¢4, @p,Xa,Xp) instead of py, op x4xp
(@4, @p,x4a,xp) if there is no ambiguity. We also use similar notation for condi-
tional distribution functions. For example, let Sz, = {®w € Q : xp(w) = X}, then

14 (Sg,,55.51.75)

P(Pa, Pp,XalXB) =: 1 (S5,) -

if u (S} B) > 0, and =: 0 otherwise. Using the distribution function, we can write the
payoff in the game G as a finite sum over values of .v. 94, @B, X4, Xp:

Lemma 2

7 (SA,SB) = > U(sa(@a.Xa) .58 (@B, XB),Pa¥p)

9a€Ps,0pePp,
XA€XA,XpeXp

Xp (@A, Pp, XA, XB) - D
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Proof is by direct verification.

Definition 4 Distribution of types and signals p (¢4, @, X4, x p) iscalled consistent
with distribution of types p (¢4, ¢p) if the p4-¢p marginal of p (¢4, P, X4, XB)
coincides with p (¢4, @) :

> p@aPp.XaXp) = p @4, Pp)

XA€Xa,XpeXp

forevery g, € P4 and gp € Pp.

Definition 5 Games G and G’ are similar if they have the same type and strategy
sets &4, O, A4 and Ap, utility function U (as, ap, @4, ¢ ), and probability space
(2, ¥, ) , and if their signals and types are such that distributions p (¢ 4, @5, X4, XB)
and p’ (@4, @, XA, X p) are consistent with the same distribution of types, p (@ 4, @) .

Intuitively, before playing, players are free to choose a communication/coordination
scheme and we model this freedom by allowing the players to choose the distribution
p (@A, g, X4, xp). However, this choice is restricted: the players can choose the
distribution of their signals but not the distribution of their types. We will impose
additional restriction on the distribution of signals below. Similarity is evidently an
equivalence relation on the set of coordination games.

Definition 6 R.v. ¢4, ¢p, x4, and xp and their distribution p (¢4, g, X4, xp) are
called disjoint if

P (@ploa,xXa) = p(@plos), 2
P @alep,XB) = p (@4lop).

In other words, signal x4 does not provide any additional information about type
¢p which is not already in type ¢4, and similarly for signal x 5. We can say informally
that signal x4 is useless for communication of information about ¢p. Indeed, any
message from player B that could possibly be coded in signal x4 does not change the
probability distribution of pp that player A infers based on the realization of her type
@4 only. Similarly, xp is useless for communication of information about @ 4.

Definition 7 R.v. ¢4, ¢, x4, and xp, and their distribution are classically generated
if there exists a r.v., u, independent from ¢4 and ¢p such that the following equality
holds:

p(Xa, XBlu, 9a. 9p) = p(Xaltt, 90) p(Xplu, 9p). 3

For example, the r.v. ¢4, ¢p, x4, and xp are classically generated if there exists a
r.v. u, independent of ¢4 and ¢p, and functions X4 and Xp, such that x4 = X4 (@4, u)
and xp = Xp(¢p, u). Informally, both players have access to a coordination device
but do not attempt to communicate: they can only observe a random signal u, which
is independent of their types. Clearly, classically generated r.v. are disjoint.

So far we have not mentioned quantum mechanics. Here is the piece whose interest
depends on the existence of certain long-range correlations discovered in physics.
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Definition 8 R.v. 94, ¢p, x4, and xp are called entangled if they are disjoint and are
not classically generated.

The famous non-locality theorem by Bell (see Clauser et al. 1969) says that out-
comes of certain measurements performed on two remote parts of a quantum system
can be entangled in the sense of our definition. The outcomes of the measurements
correspond to our signals and the positions of the measurement apparatuses to the
types. The existence of non-classical correlations has been confirmed in experiments.

Initially, the existence of entangled measurements raised the concern that it violates
the Einstein postulate that no physical action can propagate faster than the speed
of light. However, it was soon discovered that the entangled measurements cannot
be used to transmit information, and this can be seen as evidence that the Einstein
postulate is not violated. We capture the existence of the measurements with non-
classical correlations by the concept of entangled signals. It is worth noting, however,
that not every quadruple of signals that is entangled in our sense can be realized by
measurements of a quantum system (Cirel’son 1980). For some properties of entangled
signals see Barret et al. (2005), where they are called non-local correlations.

It is surprising but the entangled signals—although useless for communication of
information—can be useful in a coordination game. An example by Cleve et al. (2004)
shows that measurements of a quantum system can increase the game payoff relative
to the case when only classically generated variables are available. This example is
effectively a representation of inequality by Clauser et al. (1969) in a game theoretic
setting. Does sharing a quantum system always increase the expected payoff in coor-
dination games? No. A necessary condition is that the utility function depend on both
players’ types.

Theorem 1 For every game G with independent types, disjoint signals and the utility

function that depends only on the first player’s type: U = U (a, b; ¢4), and for every

Bayesian Nash equilibrium (SI(L\G), sf_,;G)) of G, there exists a similar game H with

classically generated signals and a Bayesian Nash equilibrium (sﬁlH), sl(_,gH)) of H

such that ) (SAH), s}(_[;H)) > (@) (sf), SE;G)) where 1) and 79 are the payoff

Sfunctions of H and G, respectively.

Proof Let s and s be the players’ strategies that maximize the payoff 79 (sa, 58)
in game G. Then evidently 7 (¢ (s;’;, sz) > 7@ (sf), sg;)) for any equilibrium
(st‘G),séG)) of G. Next, note that x, =: 5% (xa,@a), and xj =: s5(xp, ¢p) are
disjoint r.v., and that distribution p (¢4, @, X4, X3) is consistent with p (@, @p).
Define game G with the same probability space, type and strategy sets, utility function,
and even the same types as G but with signals x/,, and x; instead of x4 and xp. Game
G’ has the following properties: (i) G’ is similar to G; (i) G’ is a game with disjoint
signals; (iii) signals of G take values in the sets of strategies: X/, C 4 and Xy C p;
(iv) 7@ (shy.s) =79 (s%.53) , where s/, and s}, are the strategies of G’ defined
as 5/ (@4, %) = X and s} @B, X’z) = X’5. Suppose for the moment that we have
proved that for each game G with these properties, there exists a game G” with
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classically generated signals and such that (a) G” is similar to G'; (b) signals of G
take values in the sets of strategies: X’{ € 24 and X, C 2, and (c) 7(G" (SX’ sg) =
7@ (s',, s5) , where s/; and s; are the strategies of G” defined as s/} (@ 4, ¥'3) = X3
and 5% (¢p, X)) = X. Then by Lemma 1, there is a Bayesian Nash equilibrium in
G, say (s%*, s%¥), such that

7O (st s57) = 79 (sh55) = 7D (shosp) =D (sh.55)

Therefore, we can take H = G” and the statement of the theorem will be valid.

Now let us prove the existence of the game G” assumed above. Let the joint distrib-
ution of types and signals in game G’ be p/(g 4, @, X4, X ). Consider the following
distribution function on ®4 x ®p x X', x X:

P”(EA,EBa)_CA,EB)Zp/(EAa)_CA,)_CB)p/(aB)- (4)

We have to prove the existence of r.v. x/}, x%, ¢/{, and ¢} with this distribution
function. (In (4) X 4, X B, @4, and @ g denote the general elements of the sets X /A x X ;9 X
D4 x Op; they denote values of r.v. x;\, x%, @A, and @p if used as arguments of the
distribution p’, and values of x/;, x%3, ¢4, and ¢, if used as arguments of distribution
p”. We will also use this convention in the following.) Consider the probability space
defined by the Borel-Lebesgue measure on the square  x Q. Define r.v. X4, Xp, and
@4 by the formulas X4 (w1, w2) = x;‘(a)]), xp(wi, wp) = x%(a)l), and g4 (w1, wp) =
@4 (w1), where w; and w; are coordinates of a point in  x Q. Define r.v. ¢ by the
formula ¢ (w;, wp) = f(wy) where f is a measurable function that takes values in
the set @ 5 and has the distribution function p’ (@ ). (The existence of such a function
is clear.) Thenr.v. X4, Xg, @4 and @p have the distribution function p” from (4). Next
use the theorem about the measure-theoretical isomorphism of all Lebesgue measure
spaces (see, e.g., Rohlin 1962). Take amap U that establishes the isomorphism between
Qand Q x Q and define x{ (w) = X4 (Uw), x}(0) = Xp(Uw), ¢ (@) = pa(Uw),
and ¢ (w) = gp(Uw). Thenr.v. x'y, xj, ¢'i, and ¢, are defined on €2, take values in
X'y, X'y, @4, and ®p, respectively, and have the distribution function p” from (4).

Distribution p” is consistent. Indeed

> P'EAX8.Pa.Pp)

¥a€X), XpeXy

P @4 @p)
= > PEAX.90P @p)
EAEX/A,YBGX%

-y D P'EaT5.94.Pp) | P @p)

¥a€X, XpeXy \PpePs

= > > P EaX5GA- )P @D @5) | P @p)

xpeX), xpeXly \PpePB
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= > P@aXs04 780 @)D @p)
EAEX/A,YBGX%

p/(aAv EB)

Note that here we have substantially used the assumption that ¢4 and @p are
independent.
Define game G” as a game similar to game G, in which the signals and types are
x/i, x}, ¢4, and g} Then 7@ (s}, sj) = (@) (s/,, s};) . Indeed,

G// — — L= o — — —
) (shsp) = D, UGEAXp 9P KA. X5.04.05)  (5)
ZAEX:M{BEX;B’
(/JAGCDA,(/)BG‘I)B

= > UGEATE @)D Xa.X5.94) (6)
YAEXQ,YBGX%,
[
= 7@ (sg, sg) @)

We will complete the proof of the theorem by showing that signals with distribu-
tion p”(Xa,Xp, P4, Pp) can be classically generated. First, note that if distribution
P'(Xa,XB, @4, @p) is disjoint and ¢4 is independent from ¢p, then ¢4 and xJ; are
also independent. Indeed, by the definition of disjoint signals (2) and the independence
of 4 and gp, we have p'(@4@p, XB) = p'(@4l@p) = p'(®4). Consequently,

P@a%p)= D, P @alop.X8)0 @p.X5) =1 @) > D' @5 %p)
ppedp 9pedp
=P @1)p (*p). ®)

Second, by definition of p” and (8): p”(Xp, ¥4, 0p) = P’ X, 04)p' (@) = p'(Xp)
P @) p (@) = p"(xB)p" (@) p" (@p). That is, x is independent of both ¢’; and
¢’ under distribution p”. Using the fact that ¢} is independent of everything else
under p”, and the identity p”(Xp|Xp, @) = 1, we obtain

P (XA, XpIXB, Pa, 0p) = P " XalXp. ©4)p" (X5lXB, ¥p), 9)

as required by the definition of the classically generated variables (3). O

Remark The author does not know if the assumption of independence of ¢4 and ¢p
can be relaxed in the above theorem. Also, the dependence of payoff on both types
is clearly not sufficient to ensure that entangled signals can improve over classically
generated signals. For example, if there is a pair of actions that gives the maximal
payoff for any combination of types, then there clearly cannot be any improvement
obtained by using the entangled signals.

The result of the theorem can be explained in the following intuitive way. By the
condition of disjointness, a player’s signal does not inform him about the other player’s
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218 V. Kargin

type. Moreover, the entangled signals do not provide a player with better information
about the other player’s signal than information that could be achieved with classical
signals. The entangled signals can still provide some improved information about the
joint distribution of the type and the action of the other player relative to classical
signals. However, if the payoff function does not depend on both the type and the
action of the other player, then this additional information has no value.
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