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Abstract

An analogue of the Bernstein inequality is derived for partial sums of a
vector-valued function on a finite reversible Markov chain. The inequality
gives an upper bound for the probability of a large deviation of the partial
sum. The bound depends on the chain’s spectral gap, the dimension of the
space where the function takes values, and the upper bound on the size and

the variance of the function.

1 Result

Let S be the state space of a finite Markov chain with transition matrix P and
stationary distribution u. Let the eigenvalues of P arranged in the declining order
be

)\1:1>/\22/\32...2/\|5‘>—1.

Call the difference g = 1 — Ay the spectral gap of the chain. Recall that the chain is
called reversible if p, Ps; = p, P;s for any s and ¢ from S. In this paper we discuss
only reversible chains.

Let f be a function on S that takes values in an m-dimensional real Hilbert
space H. We use (,) and || to denote the scalar product and norm in this Hilbert

space. We study the behavior of the norm of partial sums Sy = Ef;l f(se).
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The behavior of Sy depends on the initial distribution ;(?) and properties of

the function f. Define the following distance:

0 9 1/2
Hu(o)/uH =: (Z [u( )(8)] u(8)> :

u(s)

and the following measure of the volatility of f:
o2 = sup 3 p, (F(s), 0,

which we call the principal variance of f.
Here is the main result. For every o € (0,1) define the following convergence

rate:

K(a) = {202 (1 + g) + %glog—2 1+ gH o

Theorem 1 Suppose 1) P is reversible, 2) [ has the zero mean relative to the
stationary distribution: > p,f(s) = 0, 2) f has the principal variance o2, and
4) [ is uniformly bounded: |f(s)| < L. For arbitrary o € (0,1) and &€ > 0 define

?—min(%,(l—a) {UHMD'

3
Then
Pr{|Sy|>eN} < C(m,N,a)exp [—r (a)2°N],
where
_ 12| /] 3 (m® +2m) .
¢ (m, N,a) = [ (Z41)(1—es(zN) 16k (o) 2N (7 (@)Z°N)

If in addition N > (m? +2m +4) / (8 (a)€%) , then the inequality holds with

64_ /J’(O) u _ m;rl
C(m,N,a):H(H(Q)E2N) .
2

Remarks:

1. For a fixed m the probability of large deviations declines exponentially with
the rate at least —r(a)g2. Note that this bound on the rate does not de-
pend on the dimension of the Hilbert space. However, the dimension can

significantly affect the constant before the exponential.



2. Note that for a small g we have

g 1
K(Q)N102+4(1—o¢)/o¢3'

3. The bound depends on the free parameter «. It seems that a good rule of
thumb is to take the largest possible a < 1 such that it is still true that
(I1—a)[o?+4(1—-a)/a®] > /L.



Example 2 Random Walk on a Circle

Suppose P describes a random walk on a circle that consists of n states. If the
current state is « € {1,...,n}, then the next state is =1 mod(n) with probability
1/2 on each possibility. Let n be odd so that P is aperiodic and irreducible. In
particular take n = 11. The stationary distribution is uniform and the spectral
gap g = 1 —cos (w/n) = 0.04 [see Diaconis (1988) or [Saloff-Coste (2004)]. Assume
that the random walk starts from the uniform distribution. Take L = 1, 02 =1,
e = 0.01, and m = 1. Choose a = 0.99, then € = 0.01, and the convergence rate

k = 9.5 x 1073, Then for all N > 9 x 10° we have the following bound:
Pr{|Sx| > 0.01N} < 0.05.

If the dimension of the Hilbert space is m = 10 then this bound holds for N >
1.9 x 107.

Example 3 Random Walk on a Hypercube

Let the state space be the set of vertices of a k-dimensional hypercube. With
probability 1/(k+1) the next state will be one of the k adjacent vertices, and with
probability 1/(k + 1) it remains the same. The spectral gap is ¢ = 1/(k + 1) [see
Diaconis (1988)| or [Saloff-Coste (2004). Let us consider dimension k = 4 so that
the number of vertices in the cube is 16. Assume that the random walk starts
from the uniform distribution. Take L = 1, 02 = 1, and m = 1. Then g ~ 0.12.

For o = 0.99 the convergence rate is £ = 2.7 x 10~2. Then the bound
Pr{|Sy| > 0.01N} < 0.05

holds for all N > 3 x 108. If m = 10 then it holds for N > 7 x 106.

Explicit bounds on the probability of large deviations of vector-valued sums
are needed in applications of the Monte Carlo Markov Chain method. In these
applications, we aim to compute the average value of a vector-valued random
variable. While it might be difficult to draw directly from the distribution of this
random variable, it is often possible to construct a Markov chain that has this

distribution as its stationary distribution. Then the question arises about the



speed of convergence of averages of random draws from this chain to the expected
value computed using the stationary distribution.
To put the problem in a more general context, let me sketch its history and

relations with other questions in this area. Bernstein proved his inequality (for

i.i.d. variables) in 1924 (see Paper 5 in [Bernstein (1952))). Two well-known gener-
alizations were derived by |[Chernoff (1952)| and [Hoeftding (1963)] who relaxed the

assumption of boundedness of the summands. [Prokhorov (1968) proved a multi-

dimensional analogue of the Bernstein inequality for i.i.d. random variables. An

infinite-dimensional analogue was proved by [Yurinskii (1970)/. The inequality has

also been generalized to the case of martingales.
1961)| first studied the asymptotic behavior of additive real-valued func-

tionals on finite Markov chains. Very definitive and general results in this direction

were later obtained by [Donsker and Varadhan (1975). Their results are valid for

vector-valued or even measure-valued functionals of Markov chains acting on state
spaces from a very general class. While results of this type are useful for under-
standing the asymptotic behavior of large deviations, they do not provide explicit
bounds of deviations in finite samples.

The central limit theorem (CLT) for Markov chains goes back to Markov and

was thoroughly explored by [Nagaev (1957), among others. For a recent study of
the speed of convergence in CLT see the dissertation by Mann (1996)

There is also a large body of recent literature about explicit rates of con-
vergence of the initial distribution of a Markov chain to its stationary distri-

bution. For a review, see the book by [Diaconis (1988), the review paper by
[Saloft-Coste (2004), and the dissertation by |[Gangolli (1991),

The first one-dimensional Bernstein-type inequality for finite Markov chains

was proved by |Gillman (1993)| (see also [Dinwoodie (1995) and [Lezaud (1998)| for

improvements). Gillman uses the method of generating functions and results from

Kato’s theory of perturbations of linear operators. (This method has also been

used by Nagaev (1957)| to study the CLT for Markov chains). This method of

generating functions is not directly applicable to the multi-dimensional situation.

To circumvent this difficulty we use a trick invented by [Prokhorov (1968)}, which




he used to prove the multi-dimensional analogue of the Bernstein inequality for
i.i.d. random variables.
For dimension m = 1 we can compare our bound with some other bounds in

the literature. |Gillman (1993) shows that

Pr{Sy >eN} <2 HU(O)/uH exp {—%52]\]}

where v is the spread of P, that is, v = max(u)/ min(u). Our bound from Theorem
[ does not depend on v. In addition, even if v = 1 (the best case for Gillman’s
result), our bound is still better, provided ¢ is sufficiently small and « is taken
sufficiently close to 1.

Bounds in |[Lezaud (1998), similarly to our bounds, depend on the variance of

function f. For small ¢ and small g, Lezaud gives the following estimate of the

convergence rate k ~ g/402, which coincides with our rate. [Dinwoodie (1995)

estimates the convergence rate as ¢g/2 for small e, which is better than our rate if

o is large.



2 Proof

2.1 Outline

Let
By(x) = / exp (. u) du,
lul<r

where z and u are vectors from H, and du is the Borel measure. Note that B, (z)
depends only on |z|, that is, B, () = B,(y) provided that |z| = |y| . Consequently,
we can find a function of one variable f(t) so that B, (x) = f (|t|). Somewhat
abusing notation, we will also denote this function B,. It is clear that B,(|z]|) is

an increasing positive function of |z|. Consequently we can write:

Pr{B,(|Sx|) > B,(sN)}
1

mE {Br(IS~ 1)}

I\UIST Eexp (Sn,u) du

. - BEN)

Pr{|Sn| > eN}

IN

where the expectation E is relative to the initial distribution p(©).

The idea is to bound B,(¢N) from below by an exponential with the rate
which is linear in 7, then bound the integral from above by an exponential with
the rate which is quadratic in r, and then find an optimal r that would minimize

the ratio of these expressions.

2.2 Lower Bound on B,

In this section we estimate the denominator of the ratio in (l). First, the denom-

inator can be expressed as a Bessel function of imaginary argument.

Lemma 4

2mr

Bo(r) = [ rm Lnja (o)

||
Remark: Here I, is a modified Bessel function. It is related to the usual

Bessel function as follows:

I(2) = e V™2 ], (2e™/?) for argz € [—m;7/2],



and has the following asymptotic expansion

e? m? —1 m2—1) (m? -9
Lypa(z) = —— | 1 - +( )(2 )—"-
27z 8z 2! (8z)
[see Watson (1945]).
Proof of Lemma: Using substitution v = rv, we obtain the following ex-
pression:
B.(z) = rm/ exp (rz,v) dv
lv|<1
m/2
27y
= o Im y
]

where the last equality uses Sonin’s formula [see [Fikhtengoltz (1949), p. 483]. O

Lemma 5 Suppose v is an integer or half-integer number and v > 1/2. Denote

the integer part of v as n. If x > 0 then

(e —e ) { 3(n2+n)]
I,(r) > ———exp | ———=
(z) s p 5
Ifx >n?+n+1 then
1
I,(z) > ———¢".

6v/2m
Proof: A result by shows that if v > 0 then modified Bessel
functions I, (x) decrease in their order v (see also Theorem 8.1 in
Chapter 7). So
L(x) > Iqqj2(2).

Also, it is known that I, /5(z) = (e — e™") /v2mx. Consequently we need to prove

only that for any integer n

3(712;— n)) .

Liy1ya(z) > 1y ja(x) exp (-
We will prove this inequality using results by [Nasell (1974)l In particular, we
use inequality (11) in Nasell (1974),

1+2(v+1)/z+2(v+1)(v+3/2) /22
Loa(@) 2 1+ (v +3/2)/z

]_11V<x).



The expression in square brackets can be re-written as follows:

v+1)(v+3/2

L0+ DR D+ DS AR s
T = 14+ (v+<-)— 3\ 1

I+ (v+3)z 2)e 1+ (+3)3

1\ 1
< 1+3<V+—> =,
2) x

(”+V1)+(”1/+23/2)§ <3 (1 + (v +3/2) i) :

because

1+

provided that v > 1/2. Consequently, we have the following simplified bound:

Lyai(z) > {1 3 (u—i— %) i]_l L(2)

for v > 1/2. Then

—1

I, n
otz [H <1+3E>
x

k=1

I

n

[ k
= exp —Zlog (1—}—35)
L k=1

SN
> exp ——Zk}
L =
3n(n+1
R

which is exactly what we need. The bound for > n% +n + 1 is an elementary

consequence of the general bound. [J

Corollary 6

(2mr) 2 3(m? + 2m) _
B, (z) > - ( rle| _ rm) '
(‘T) — |x|m2+1 eXp 87" |ZZ?| € €
If 4r |x| > m? + 2m + 4 then
m—1
2rr) 2 e
Br(z) > e,




2.3 Relation to eigenvalues of the perturbed transition ma-
trix

Now turn to the estimation of the integral in the numerator of (), that is, of

/ E exp (SN, u) du.
ul<r

We will first write the integrand as a quadratic form and then apply the Courant-
Fischer theorem to reduce the problem to the estimation of the largest eigenvalue
of this form.

Define the perturbed transition matrix as follows:
Py (u) = exp (f(t), u) Ps;.

Let us use (,) to denote the following scalar product: (a,b) = >~ asbs, where s
denote the states of the chain and ag and bg are scalar-valued functions of s. Also

let us denote the scalar-valued function that takes the value 1 on all states as 1.

Lemma 7

Bexp (Sn,u) = (@, [P(u)]" 1)

Proof: We can write:

Eexp <SN7 u> = Z /’L,(Sg)PS()Sle<f(51)7u> "'PSN715N6<'f(SN)7u>
S0,81,--+3SN
= Z Mgg)PSOM (W) Poy 15y (u)
80,81,---3SN

O

Let us denote the largest eigenvalue of P(u) as A(u). The Courant-Fischer
theorem is not directly applicable because P(u) is not symmetric. However, be-
cause of reversibility we are still able to bound the form in terms of the largest

eigenvalue.

Lemma 8 If the chain P is reversible, [u| <1 and |f(s)| <1 for any s, then

(1@, (P 1) <31 /u]| Ay

10



Proof: Define D = diag {,/us}. Then reversibility of P implies that S =:
DPD! is symmetric. Indeed,

Sji = w1 = P P
= M;l/zﬂipijﬂ;l/z = Sij.
Also, define F, = diag {exp% <f(s),u)} and S, = E,SFE,. Evidently, S, is
symmetric. Moreover it is conjugate to P(u):
P(u) = PE?=D"'SDE?
= D'E;'(E,SE,)E,D
= (BE,D) 'S, (E.D),
where we have used commutativity of D and E,,. Consequently S, and P(u) have
the same eigenvalues. In particular, A(u) is the largest eigenvalue of S,.
Next we re-write the form in question in terms of matrix S, and apply the

Courant-Fisher theorem to estimate it:

(M(O),[P(u)]"l) = (u“” (EuD)‘l,SS(EuD)l)
< M ||u® E.0) | LD 1
1/2
— A" Z[ug—frexm—f(s),w
S )
x (Z o oxp <f<s>,u>>
< 3Hu(°>/uHA(U)”-

In the inequality on the last line we have used the fact that |(f(s),u)| < |f(s)] |u] <
1 and consequently exp (£f(s),u) < 3. O

2.4 A bound on the largest eigenvalue of the perturbed

transition matrix

We need to estimate the largest eigenvalue of the perturbed transition matrix by

a quadratic function of the size of the perturbation. The main idea is to estimate

11



the second derivative of the eigenvalue as a function of the perturbation parame-
ter. It is relatively easy to bound the second derivative at the zero perturbation
by developing the eigenvalue function in a series in perturbation parameter (the
Rellich method). It is somewhat more difficult to estimate the second derivative
in a neighborhood near the zero perturbation. This is best done by studying prop-
erties of the resolvent of the perturbed operator in the complex plane (the Kato
method, see [Kato (1980)). We use this method to estimate the third derivative
and then integrate the estimate using also the estimate of the second derivative
at the zero perturbation (obtained using Rellich’s method).

We have P(s) = PV (x), where V(5) = diag{exp (f(s), »u)}, and |u| = 1.

We can write P(s) as a power series in s
(2) P(x) =P+ xPVD 4 :2PV® 4

where

V(™ = diag {M} :

n!

For convenience, we call Asssumption A the following set of conditions:

1. P is a reversible chain with spectral gap g,

2. the expectation of f is zero: Y p,f(s) =0,

3. the principal variance of f is 0% SUP|y =1 D Mg <f(s),u)2 =02,
4. |f(s)| €1 for each s, and
5. the perturbed matrix P(s) is given by @) with |u| = 1.

We study the dependence of the largest eigenvalue of P(3) on the perturbation
parameter s. First, what is the first derivative of the largest eigenvalue at the zero

perturbation?
Lemma 9 Let Assumption A hold. Then

d\(x) _0

12



Proof: Consider the power series expansions around > = 0. The expansion
for the perturbed operator is (@), and the expansions for the largest eigenvalue

and the corresponding eigenvector are

Aoo) = 1T4aAW 40@ 4

X(¢) = p+2eXD 4ox@ 4
Writing the equality X (32) P(5) = A(5)X () in powers of s, we get:

pP = p,
(3) XOp4pupv® = AUy, 4 xO)

Multiply the last line by 1 on the right and use the facts that P1 =1 and ul1 = 1.
Then we get:
AL = ,uV(l)l.

However, nV1 = Yoot (f(s),u) = 0 by assumption. Therefore, 2V =0.0
We also need some information about the perturbation of the eigenvector, in

particular, about X (). From @), it must satisfy the following equation:
(4) XTI -P)=pv®,

Note, however, that if vector X satisfies this equation then X + ap also satisfies
it. We define X() as the unique solution that satisfies the additional condition
that (X1, 1) =0.

Let 1V be the subspace of vectors orthogonal to 1. This subspace is invariant
under the right action of P. Indeed, if (z,1) = 0 then (zP,1) = (z, P1) = (z,1) =

0. Let us define operator R, which is an inverse of I — P on p" :

e k

R kz:(:) (Plo) -
Here P v s the operator that multiplies vectors from p¥ by P on the right. The
powers of this operator are well defined because of the invariance of " relative
to the right action by P, and the sum converges because all the eigenvalues of

the right action by P are less than 1 on ¥ (by Perron-Frobenius theorem and
because p & uV).

13



If P reversible then P = D~1SD, where S is symmetric. The subspace yV D~?
and its orthogonal complement are invariant under the action of S and we can

define
s k
T = Z (S|#VD,1) ,
k=0
which acts on pVD~!. Let us extend T to the full space by declaring T = 0 on

the orthogonal complement to ¥ D~!. Note that T and S commute: T'S = ST.
Furthermore, D~!T D is defined on p" and coincides there with R.

Lemma 10 Let Assumption A hold. Then
XO = p,vOR = p,wOp-iTD

Note that the product pV () R is well defined because (pV ™, 1) =3~ u, (f(s),u) =0
and therefore pV ) € pV.

Proof: The product uV (") R satisfies equation (@) and belongs to . Conse-
quently, it coincides with XM, O

Now consider the second derivative of the eigenvalue function:
Lemma 11 Let Assumption A hold. Then
EDY 2
)<+
g

ds?
Proof: Let us write terms before » and s in the expansion of the equality

X (3)P(5) = A(5¢) X (5), taking into account that AV =0 :

2x=0

X(l)P—i—uPV(l) _ X(l),

XOp4 xWpy® 4 ,py® = A\, 4 x@),

Multiplying the second equality by 1 on the right we get the following formula for
A2

(5) A® = @14 xOpy My,
Consider the absolute value of the second term in ([@):

X(l)PV(l)l‘ - ‘MV(”D_lTSDV(l)l‘

IN

st v~ vt

14



where we used Lemmal[[@land the equality P = D~1SD. (Here we use ||-|| to denote
both the norm of functions on the Markov chain and the induced norm of operators
acting on these functions: by definition || f|| = (f, f)1/2 and || Al = supy sy=1 |Af]l-
Operator T'S is symmetric with eigenvalues which are either zerosor A;/ (1 — X;),
where ¢ > 1. Consequently
15| <

Qe

Next,

1/2
|pva| = <Zus <f<s>,u>2> <o,

and

1/2
|vp= = <Zus <f<s>,u>2> <o,

where we used that D = diag {‘ /us} . In total,

2

‘X(l)pv(l)l’ <.
g

Finally, for the first term in (@) we have

0,2
S 75

v - B S (f(s), )?

1 1
A2 < o2 <——|——>.
2 g

Now we turn to the estimation of the third derivative of the eigenvalue function

and therefore

O

in the neighborhood of zero. The following is a quick excursion in Kato’s theory

of perturbations. Let T'(5¢) be a perturbed operator:
T(s) =T + 3TV + 5273 4

where  is the perturbation parameter. Let us for economy of space write A(s) =
T 45272 4

We want to find out for which ¢ the resolvent of the perturbed operator
R(C,5) = [T(3) — ¢]" is non-singular provided that we know that the resolvent

of unperturbed operator, R(¢) = [T — ¢]™", is non-singular at (.

15



We can write

T(x)=C = T—(+A(x)
= (T-QM+R(QA(G)],
and consequently,
R(G, ) = [1+R(OAG)] " R(Q).

The power series for [1 + R(¢)A()] " are convergent provided that

(6) IR(OAG),, <1,
where |[|-[|,, denotes the spectral norm:

I1X],, = lim sup [|X"]"".
n—oo

In our case, the perturbation is given by the following series
P(x) =P+ PV 4 :2Ppv @ 4

where

V™ = diag {M} .

n!
Recall that the reversibility of P implies that it can be represented as P = D~1SD,
where D = diag {,/fi, } and S is symmetric. Let us denote (S —¢)~! by Rg(().

Lemma 12 Let Assumption A hold. Then the power series for [1 + R(C)A(s)] "
converges if |»| < log (1 + ||R5(C)S||71).

Proof: By (@) and @) we should check that ||[R(¢)P> 77, %kV(k)Hsp < 1.

For reversible P we can write
ROP=(P—-¢) 'P=D"YS—-¢)"'SD=D"'Rs(¢)SD.

Using the fact that both D and the perturbation > .-, »*V*) are diagonal and,

therefore, commute, we can further write:

R(Q)PY VW = DT'Rg(¢)S Y s VD,
k=1 k=1

16



Next, we use the property of the spectral norm that it is not changed by similarity

transformations and write:

R(Q)PY vk = |Rs(Q)S> =V
k=1 sp k=1 sp
< ||Rs(©)8) VW
k=1

where we also used the fact that the spectral norm is bounded from above by the

usual operator norm. We can continue as follows:

RS(C)Si PR

k=1

o k
< 1RSI " [y
k=1
From assumptions on w and f(s) it follows that ||V(k) || < 1/k!, and consequently,
o0 k B
IRs(¢)S]Y |7 HV““)H < |Rs(0)S|| (el | 1),
k=1

This expression is less than 1, provided that |»| < log (1 + ||[Rs(¢)S]). O

Lemma 13 Suppose Assumption A holds. Let T be a circle of radius rrin (-plane

that has exactly one eigenvalue of P inside it. Define

—_ 3 _1
r=minlog 1+ Rs(©)s] )

Then for every s such that || < r, there is exactly one eigenvalue of P() inside
I.

Moreover, for each o € (0,1) and those s that || < (1 —«)r, the eigenvalue func-
tion A(5¢) is holomorphic and the following estimate holds for its third derivative:

d3\ ()

< 12m
de3

= B33

Proof: Let D be a circle in s-plane with center at 0 and radius r = log (1 + HRS(C)SH*l) .
Consider an arbitrary s inside D. We can connect s = 0 and s by a curve A
that lies completely inside the circle D. When we change ¢ along this curve, the
eigenvalues of operator P (3) follow paths that never intersect the circle I' — we

know this because by Lemma the power series for the resolvent converge on

17



T for every » € A. Consequently, the number of eigenvalues of operator P(3z)
that are located inside I' is conserved along the path A. It follows that P (5¢) has
exactly one eigenvalue inside I'.

For the second part of the lemma, take an arbitrary sq such that |»| <
(1 — a)r. Then exactly one eigenvalue of P (5) is inside I'. Consider the circle
Dy with center at ¢y and radius ar. This circle lies entirely inside the circle D
and consequently for any s € Dq there is only one eigenvalue of P() inside T
Hence,

[A(5¢) — A(500)| < 2rp.

Recall that A(5¢) is holomorphic [see Kato (1980)] and estimate its third deriva-

tive at 29 by using Cauchy’s inequality:

d3\(52)
ds3

max,.ep, |A(2) — A(50)] _6 2rp 120

|5 — 320> (ar)® T Al

<6

n=s

O

Lemma 14 Let Assumption A hold. Let T be a circle of radius rr = g/2 around

the largest eigenvalue. Then

2
< —.
rgggl\Rs(C)SH <

<@

Proof: Since S is similar to P, it has the same eigenvalues. Since S is sym-
metric, Rg(¢)S is also symmetric and its norm coincides with the largest absolute
value of its eigenvalues. Further, Rg(()S has eigenvalues (A; — ¢ )_1 ;. It is easy
to see that if ¢ € I, then the maximum is reached for i =1 and ( =1—g/2. A

calculation gives:

O

Lemma 15 Let Assumption A hold. Take oo € (0,1) and let r = log[1 + g/2].
Then for any s such that || < (1 — a)r, the following inequalities hold:

m 6 -3 g
’)\ (%)’ < gglog [14— 5} .

18



Proof: Take rp = ¢g/2 in Lemmal[@and apply Lemmal@to bound maxcer || R(C)]| -
O

Combining the previous lemmas, we get the following result.

Lemma 16 Let Assumption A hold. Take o € (0,1) Then for any s such that
[ < (1 —a)log[l+g/2], the following inequality holds:

Ao <1+ [02 (l + 5) + 1_Oéglogf2 {1—1— gH P

2 o’

Proof: First, using Lemmas [Tl and [H we write:

o? (1 + 2) _|_/ )\m(t)dt
9 0

2 6
= o? (1 + —) + —3910g73 {1 + g} .
g o 2

‘)\//(%)‘

IN

And then, using Lemma [ we get:

NG| < /: | (t)| dt

2 3
o2 (14 =)+ =glog™® [1+£] 2,
g a? 2

IN

and

X
X
A

1 +/ | X' (t)| dt
0
1 1 1
1402 (=+=) 2+ —glog™?® {1 + Q} 3.
2 g a3 2
Using the condition |»| < (1 — a)log[1l + g/2], we further reduce this expression

IN

to:

1 1 11—« _ g
MG <1+ |02 (= + - log ™ |1+ 2| 52
|A(5)] < —i—{a (2+g)+ 5 9log +3] |

O

Corollary 17 Assume P is a reversible chain with spectral gap g. Let P(v) =
Pdiag {exp (f(s),v)}, where | f(s)| < 1 and the principal variation of f is o*. Take
a € (0,1). Then for every v such that |v| < (1 — a)log[l + g/2], the following
inequality holds for the largest eigenvalue of P(v):

1 1 11—« _ g
Av) <1+ |0 (4= 1 2{1 —} 2,
(v) <1+ |:U (2+g) + —59log +2 [v]

Proof: The inequality follows if we take s = |v| and v = v/ |v| in Lemma [[G

O
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2.5 Bound on the integral and proof of the theorem

In this section we will complete the estimation of the integral in the numerator of
[@. We will also complete the proof of the theorem by finding the optimal radius

of the sphere over which we integrate. Let us use notations

k(a) = [02 (% + é) + 1;30[91052 [1 + gH 7
rof@) = (1-a)log[1+2].

Note that k() is related to the convergence rate x(«), which we defined in the
Introduction, as follows: « (o) = [4k()]” ' Also, let f3,, denote the surface of the

unit sphere in the m-dimensional real Hilbert space:

mﬂ.m/Q

Lemma 18 Assume P is a reversible chain with spectral gap g. Let P(v) =

2

Pdiag {exp (f(s),v)}, where | f(s)] < 1 and the principal variation of f is 0=, and

let AM(u) be its largest eigenvalue. Take o € (0,1). If r < ro(a) then

/ - Mu)Ndu < ﬂmTTm exp [Nk(a)r?] .

Proof: For simplicity we omit « in k(a) and ro(«) in the following. Using

Corollary [T and changing to spherical coordinates we obtain:

N
/ Aw)Ndu < / [1 +k |u|2] du
Ju|<r [u|<r
2 21N
= rm/ [1—|—kr |v|} dv
lv|<1
! N
= erm/ [T+ kr?t?] " ¢ dt.
0
We apply inequality 1+ = < exp(x) valid for a > 0 :

1 1
B, / (14 k22N e tae < B, / exp [Nkr2t2] " dt
0 0

/Bme

m

< exp [N krﬂ .
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Let

o]
IN

min (g, 2kro)

= min (a, (1—a) {02 <1+ %) log [1+ g} +21;3aglog_1 [1+ gH) .

Lemma 19 If P is reversible and f is uniformly bounded: |f(s)| < 1, with the
principal variation of o2, then

m+1

6 [/ u (€2N) ’

Pr{|Sy| > eN} <
r{lSnlzeN} < T (Z+1)2n

2 _ =2
3(m +2m) k ‘|(1—6N52/k) 1eXp |:_ﬂ:|

k

X exp 2 52 N

If in addition N >k (m? + 2m + 4) /(22%), then

Pr{lsy > eN} < S L] (N)m_ -]
PN = = T e Uk B T

Proof: Since £ < € we have
Pr{|Sn|>eN} <Pr{|Sy| >EN}.

We will bound the probability on the right-hand side of this inequality. By equa-
tion (), Corollary @, and Lemmas [l B and [8 we can write:

PI‘{|SN|Z§N} S ﬁ&[v)/| EGXP<SN,u>du
T ul<r
3 [/l N
Y T N e
m
2
X exp [% (1_672NE7")_1

X exp (—NET + Nkrz) ,

provided that r < rq.
Set r = £/(2k). This choice minimizes the rate in the last exponential making

it equal —g2N/(4k). The condition r < ry — needed for applicability of Lemma
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— is satisfied by the definition of €. Then the inequality can be re-written as

follows:
(0)
Pr{|SN| > EN} < M_m+1Nm+l
m (4rk) 2
3k (m +2m) vk 1 =2
2 -
_ v
r'(z+1) 2mk’““
3k (m?* + 2m) el -
- [ﬁ (1) e |-G

If the condition 4rEN > m2+2m+4 holds, that is, if N > k (m? + 2m +4) / (2%),
then this estimate simplifies (by an application of the second part of Corollary )

to
18\/_ Hu 0)/MH €m+1Nm+1

z2
Pr{|Sn| >N} < — exp {——N}
llswl 22V} < =T T

Now to prove the theorem we notice that for any f that satisfies condition

|f(s)] < L we can define g = f/L, for which |g(s)| < 1. Then
9
Pr{|Sn[f]| 2 eN} = PI‘{|SN[g]| > ZN}’

and we can apply Lemma [ using £/L instead of €. Also note that elementary

inequalities lead to the following estimate:

2krog > (1 — ) [02 + M] ,

a3

and therefore
£ = min (%,(1 —a) [024- M})

also satisfies conditions of Lemma
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